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Abstract. We describe new structure on the Goodwillie derivatives of a functor, and we show 
how the full Taylor tower of the functor can be recovered from this structure. This new structure 
takes the form of a coalgebra over a certain comonad which we construct, and whose precise nature 
depends on the source and target categories of the functor in question. The Taylor tower can be 
recovered from standard cosimplicial cobar constructions on the coalgebra formed by the derivatives. 
We get from this an equivalence between the homotopy category of polynomial functors and that 
of bounded coalgebras over this comonad. 

For functors with values in the category of spectra, we give a rather explicit description of the 
associated comonads and their coalgebras. In particular, for functors from based spaces to spectra 
we interpret this new structure as that of a divided power right module over the operad formed by 
the derivatives of the identity on based spaces. 



Goodwillie's calculus of homotopy functors, developed in [T3l[T31[T5], provides a systematic filtration 
of any functor (between sufficiently nice model categories) that preserves weak equivalences. If 
: C ^ D is such a functor, then there is a 'Taylor tower' 

>PnF^ Pn^lF ^ >PoF 

where F PnF is the universal natural transformation from F to an 'n-excisive' functor. For nice 
F, and for sufficiently highly connected X € C, the tower 'converges' in the sense that there is a 
weak equivalence 

F{X) ^ holim PnF {X). 

n 

The terms PnF are in general difficult to understand, but Goodwillie gave in [15] simple descriptions 
of the 'homogeneous layers' of the Taylor tower, that is the fibres 

DnF := hofib(P„F ^ P„-iF). 

For a functor F : Top^ — > Top^ of based topological spaces, and a finite CW complex X, we have 

DnF{X) ^ A 

where dnF is a spectrum with action of the symmetric group S^. We think of dnF as the 'n*'^ 
Taylor coefficient' of the functor F expanded around the one-point space *, or the 'n*^ derivative' 
of F at *. Since we only consider Taylor expansions at * we refer to dnF just as the 'n*^ derivative 
of F'. 

We use the notation 

d,F := {diF,d2F,...,dnF,...) 

for the sequence of derivatives of F together with their symmetric group actions. Thus d^:F is 
a symmetric sequence of spectra. Goodwillie's theorem says that the symmetric sequence (9*-F 
determines the layers in the Taylor tower of F. 

Our goal in the present paper is to describe additional structure on d^F, which is sufficient to 
recover the entire Taylor tower of F, rather than just the homogeneous layers. Part of the additional 
structure was previously studied by the authors in [2j, where it was shown that d^F has the structure 
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of a module over a certain operad 5*/ (namely that formed by the derivatives of the identity on 
Top^). The precise type of module structure (left, right or bi-) depends on the source and target 
categories of F. 

It is clear however that this module structure does not tell the full story. For example, if F is a 
functor from and to the category of spectra, then the methods of [2j do not endow 5*F with any 
additional structure. It is easy to see, though, that the symmetric sequence d^^F alone does not 
determine the Taylor tower of F, even in this case. 

To obtain further structure we use a homotopic version of descent theory as in, for example, 
[17j . By this we mean the following. Let C and D each stand for either the category Top^ (of based 
topological spaces) or Sp (of spectra). Let [C, D] be the category of pointed, finitary (i.e., preserving 
filtered homotopy colimits) simplicial functors from C to D. Taking Goodwillie derivatives can be 
thought of as a functor 

: [C, D]^M 

where Ai is either a category of modules over 9=,,/, or the category of symmetric sequences, depend- 
ing on C and D. The following is one of the key observations of this paper: the functor 3* has a 
right adjoint, which we denote as 

[C,D]. 

It follows in a standard way that the composite is a comonad on A4 and that for any F E [C, D], 
d^F is a 9=K ^-coalgebra. We can thus view as a functor 

9* : [C, D] 9*$-coalg. 

The main result of this paper then says that the Taylor tower of F can be recovered from the 
coalgebra 9*F via a cobar construction. More precisely we have the following. 

Theorem 0.1. For F € [C, D] as above, we have 

PnF ~ cobar($, 5*$, a<„F) 

where 5<„ denotes the truncated d-t^-coalgehra consisting only of the first n derivatives of F. 

Moreover, if the Taylor tower of F converges then 

F ~ cobar($,5*'l',5*F). 

These results are proved in Theorem 13 . 1 2 1 and Corollary 13.141 

We say that a symmetric sequence is 'n-truncated' if all its terms above the n^^ are contractible. 
We say that it is 'bounded' if it is n-truncated for some n. It turns out that every bounded 
9* ^-coalgebra arises, up to homotopy, as the derivatives of some functor. We therefore have the 
following result which is proved in Theorem 13.171 

Theorem 0.2. For each n, there is an equivalence between the homotopy category of n-excisive 
functors F : C — )• D and that of n -truncated d^^^-coalgebras. Letting n — )• oo, there is an equivalence 
between the homotopy category of all polynomial functors and that of all bounded d-t^-coalgebras. 

Remarks. We do not know of a model structure on the category of 9=i,$-coalgebras and thus the 
above result does not arise from a Quillen equivalence. Instead we develop directly a homotopy 
theory for coalgebras over a comonad which may be of independent interest. (See Section [TJ) 

In reality, we need to replace the comonad 5*<I> with a homotopically correct version. The comonad 
that we actually use is 9*c<I>, where c is a comonad cofibrant replacement functor for the category 
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[C, D]. This is explained in detail in Section [2j With this in mind, we usually drop c from the 
notation and just write 9^,$ for the comonad in question. 

Though we only prove our results for functors between the categories Top^ and Sp, much of our 
approach relies only on formal properties of the calculus of functors. In principle it should be 
applicable to any functor for which there is an appropriate notion of Taylor tower and of derivatives. 

To make Theorems 10.11 and 10.21 more useful, it is desirable to have an explicit description of the 
comonad 9*$ and of the category of coalgebras over this comonad. In this paper we partially 
achieve this goal for functors with values in spectra. We now describe our results about this, so 
most definitions and statements have two versions: one for functors Sp — )• Sp and one for functors 
Top^ Sp. 

Let us use the notation X^"] to mean the following: If X is a spectrum then X'"] = X^". If X is a 
space then Xl"! = X^"/A"X where A"X C X^" is the fat diagonal. For r < n, there is a functor 
Kr from the category of S„-spectra to the category of Sj.-spectra given by 

(0.3) KrAn ~ dr 

Here X may live either in Sp or Top^ depending on the type of functors being considered. 

It turns out that the constructions encode all the information about the comonad 9*$, at least 
if we restrict our attention to truncated symmetric sequences. More specifically, for r < s < n 
there is a natural S^-equivariant map 

and for each r, a S^-equivariant map 

that together reflect the comonad structure on d.^^. These maps are associative and unital in an 
appropriate sense. We prove the following result (Lemma 14. 9p . which encodes the 5*$-coalgebra 
structure on in terms of the individual maps 5r,s and er- 

Theorem 0.4. Let C he either Top^ or Sp. Let F : C — > Sp he a functor. For each r < n there is 
a Tiy-equivariant map 

er,n ■■ drF KrdnF. 

Moreover, for each r < s < n, the following diagram commutes 

drF — — — > KrdsF 

KrdnF KrKsdnF 

and for each r the following composite is the identity 

drF ^ KrdrF ^ drF. 

The Taylor tower of F can then he recovered from the symmetric sequence d^F and the maps 9r,n- 

Note that (10. 3p describes the construction Kr only up to homotopy. The choice of model for Kr 
and the maps 5r,s matters, because for Theorem 10.41 one needs a model for which the maps 5r,s 
are strictly associative and unital. At the same time one would like to have a model that is as 
simple and explicit as possible. In this paper we do give a strictly associative model for the Kr 
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and 5r,s, but it is not really explicit. On the other hand, we also give more explicit models for Kr 
(in Proposition 15.21 for the [Sp, Sp] case and in Proposition 16.41 for the [Top^,Sp] case), but these 
models are only associative up to homotopy. We have another approach to these constructions, 
based on modules over pro-operads, that we believe yields models that are both explicit and strictly 
associative. (See Remark 15.91 ) For reasons of space we leave these results to a subsequent paper. 

For a functor F : Top^ ^ Sp, the (9^,$-coalgebra structure on d^F takes a fairly simple form which 
is worth noting here. The following is Proposition 16.41 



Theorem 0.5. The derivatives d^^F of a functor F : Top^ — )• Sp form a right module over the 
operad d^F They also are equipped with TTiGps O^ fi that Tfidhc the following didQTCLffis coTnuiutc up 
to homotopy 



llMap{dnjA...AdnJ,dnF) 



N 



drF 



J]Map(5„,/A...Aa„,/,a„F) 



hT,„ 



Here the maps ipr,n cire determined by the right d-^Fmodule structure on d^F, and N is the usual 
norm map from homotopy orbits to homotopy fixed points. 



The structure on c?*F described in Theorem 10.51 can be called a divided power right 8^,1 -module (at 
least up to homotopy), with the lifts 9r,n giving the divided power structure. 

Example 0.6. We demonstrate our theory here by classifying 2-excisive functors with values in 
Sp. These cases are well-known, and can be figured out by hand quite easily, but serve to illustrate 
the simplest cases of Theorems 10.41 and 10.51 In the paper we give a similar description of 3-excisive 
functors. 

Let us consider the [Sp, Sp] case first. It is not difficult to show that in this case Ki{A2) is 
equivalent to the Tate construction Tates2(^2)- It follows that the first two derivatives of a functor 
F: Sp ^ Sp are connected by a map 

9iF^TateE2(92F). 

Since at this level there are no compatibility conditions, this map completely determines the qua- 
dratic part of F. To put it another way: homotopy classes of 2-excisive functors from Sp to Sp with 
prescribed derivatives Ai and A2 are in bijective correspondence with homotopy classes of maps 
Ai Tates2(^2)- 

In the [Top^, Sp] case, the right 5* /-module structure on d^F amounts to a map 

diF Ma.v{d2l,d2Ff^\ 
Since 82! — S^^ , this is the same thing as a map 

diF ^ {d2F A S^f^\ 
Theorem 10.51 then says that this map lifts, over the norm, to a map of the form 

diF ^ id2F A S\^,. 
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Again there are no compatibility conditions so this map completely determines the quadratic part 
of F. Thus homotopy classes of 2-excisive functors from Top^ to Sp with prescribed derivatives Ai 
and A2 are in bijective correspondence with homotopy classes of maps Ai — )• {A2 A S^)iiT,2- 

Remark 0.7. Our results for functors from Sp to Sp overlap with those of McCarthy [21]. Here 
is one way to see the connection. It follows from McCarthy's work on dual calculus that there are 
homotopy pullback squares of the following form. 

PnF{X) > A X^")'*^" 



Pn-iF{X) > Tatesja„FAX^") 

For an explicit construction of this square see Kuhn ( \19\ 1.9]) or Chaoha ([7j Theorem 3.1]). These 
squares give an inductive description of the data needed to reconstruct the Taylor tower. Our maps 
9r^n in the Sp to Sp case can be derived from McCarthy's pullback square: they are given by taking 
the r^^ derivative of the bottom horizontal map. What is new here is the explicit description of the 
compatibility conditions satisfied by these maps. 

Conversely, it is possible to use our approach to derive McCarthy' pullback square, and also extend 
it to functors from Top^ to Sp. This is done in Corollarv 14.161 

Our general theory also applies to functors that take values in based spaces. In each such case 
(either from spectra to spaces, or spaces to spaces) there is a comonad (on the category of 
left 9=1, /-modules, or 0*/-bimodules, respectively) that acts on the derivatives of such a functor, 
and such that the Taylor tower of the functor can be recovered from this action. In these cases, 
however, it appears to be much harder to give a completely explicit description of what it means 
to be a coalgebra over 5*$. We do offer, in Section [71 a classification of 2-excisive functors in each 
of these settings. 

Note that while we have far less to say about the space-valued case, we view the fact that our 
general theory does apply to it as one of the most significant results of the paper. The complexity 
we encounter in trying to calculate the comonad 5* ^ reflects structure on the derivatives of space- 
valued functors that bears further study. 

Outline of the paper. Our main result provides an equivalence between a homotopy category 
of functors and that of coalgebras over a certain comonad. In section [1] we describe the homotopy 
theory for such coalgebras that we have in mind, and we construct the relevant homotopy category. 
Section [2| is concerned with our version of homotopic descent theory. Here we prove a homotopic 
Barr-Beck Theorem for a Quillen adjunction to satisfy effective descent. 

In section [3] we prove our main result classifying Taylor towers. Then in section [J] we focus on 
spectrum-valued functors and derive some general results about them. In section [5] we give an 
explicit (but only up to homotopy) description of the coalgebra structures for functors from Sp to 
Sp, and in section [6] we do the same for functors from Top^ to Sp. Finally, in section [71 we show 
that our general theory also applies to functors with values in based spaces. 

Acknowledgements. We wish to acknowledge our debt to Kathryn Hess's paper on homotopic 
descent [17] which provided the initial idea for our approach. As usual, we benefited greatly along 
the way from conversations with Bill Dwyer. We also thank Haynes Miller for pointing us towards 
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Radulescu-Banu's work on the construction of a comonad cofibrant replacement functor. The first 
author was supported by NSF grant DMS-0968221 and the second author by NSF grant DMS- 
1144149. 



1. HOMOTOPY THEORY FOR COALGEBRAS OVER COMONADS 



In this section we consider a comonad K defined on some category B that is equipped with a 
homotopy theory. Our goal is to describe a homotopy theory for the category of coalgebras over 
K. In our case these homotopy theories are described in terms of simplicial enrichments. 

Our approach is to define, for each pair of coalgebras, A and A\ a suitable simplicial set of 'derived' 
coalgebra maps from A to A' . These mapping spaces have a composition that is associative up 
to coherent homotopies and so determine an Aoo-simplicial category whose objects are the K- 
coalgebras. There is an associated homotopy category given by applying ttq to the mapping spaces 
and we show that a derived coalgebra map from A to A' is invertible in this homotopy category if 
and only if its underlying map A ^ A' \s a, simplicial homotopy equivalence in B. 

Previous work has established such homotopy theories in a different way. Model structures on 
particular categories of coalgebras have been studied by various authors starting with Quillen's 
work [25j on rational homotopy theory. Hess and Shipley |18] have given general conditions under 
which coalgebras over a comonad on a model category inherit a model structure in which the 
cofibrations and weak equivalences are detected in the underlying category. 

Lurie [20^ 6.2] only addresses directly monads and their categories of algebras, but it seems likely 
that oo-categories can be used to study comonads and their coalgebras as well. 

Notation 1.1. For this section, we let be a category enriched in fibrant simplicial sets (Kan 
complexes). For objects A, A' in B, we write Hom(yl, ^4') for the Kan complex of maps from A to 
A' . Throughout this section, any functor K : B ^ B is assumed to be simplicially-enriched, so that 
there are maps of simplicial sets 

Hom(A, A') Rom{KA, KA') 

for any A, A' G B. 

Definition 1.2. A comonad K on the category B consists of a (simplicially-enriched) functor 

K -.B^B, 

together with (simplicial) natural transformations 

5:K^ KK; e : K ^ Ijs 
such that the following diagrams commute 




A K-coalgebra consists of an object A £ B together with a morphism 

e-.A^KA 
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such that the following diagrams commute in B 

A — > KA 



Sa 



Kd 



A > KA 



A 




KA > KKA 

For ET-coalgebras A and A', a (strict) morphism of K-coalgebras from A to A' is a morphism 

f:A^A' 

in B such that the following diagram commutes 



A 



f 



A' 



Qa 



KA > KA' 



We specify homotopical information for the category of X-coalgebras by means of an enrichment 
over the category csSet of cosimplicial simplicial sets with respect to the symmetric monoidal 
structure due to Batanin [4J, and used to great effect by McClure and Smith in their proof of the 
Deligne Conjecture [22j . 

Definition 1.3. Let A and A' be -fC-coalgebras in B. We define a cosimplicial simplicial set 
Hom^(^,^') by 

Hom^(A, A') := Bom{A,K'A') 

with coface maps 5* : Hom(A, ET^A') Roin{A, K"^+^ A') given 

• for z = 0, by the composite 

Hom(.4, K'^'A') Rom{KA, K'^-^^A') Hom(A, ET^+M') 

where the first map comes from the simplicial enrichment of K, and the second from the 
-fC-coalgebra structure on A; 

• for i = 1, . . . , m, by applying the comultiplication map 6 : K ^ KK to the i^^ copy of K 
in K-^A'; 

• for i = m + 1, by the /C-coalgebra structure on A'. 

and codegeneracy maps : }iom{A, K'^A') — )• }iom{A, K''^~^ A') given 

• for J = 0, . . . , m — 1, by applying the counit e : -fC — )• Ig to the j + 1*^ copy of K. 

Definition 1.4. For two cosimplicial simplicial sets X*,Y*, we define {X* OY*) to be the cosim- 
plicial simplicial set given by 

(X* □ YT ■■= colim ( ]J XP xY'^ ^ ]]_ XP xYi 

\p+q=m—l p+q=m 

The two maps in this coequalizer are, respectively, {5p~^^, 1) and (1, 6^). The coface maps on X'OY* 
are given by 

^i^Us\l) i = 0,...,p+l; 

\{1,6'~P-^) i=p + l,...,m + l, 
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and the codegeneracy maps by 

i = 0,...,p-l; 
[{l,a^-P) j =p,...,m-l. 

Proposition 1.5 (Batanin, [4]). The construction ID is a symmetric monoidal product on the 
category csSet of cosimplicial simplicial sets with unit given by the constant cosimplicial simplicial 
set *. 

To see that the cosimphcial simphcial sets in Definition 11.31 form part of a csSet-enriched category, 
we have to describe the composition and identity morphisms. 

Definition 1.6. Let A, A', A" be i^-coalgebras. We define a composition map 

: Hom^(^,^') nHom^(^',^") ^ Hom^(A,yl") 

by the composites 

Rom{A,KPA') x Rom{A' , K'^A") Uom{A,KPA') x Hom(KP^', i^^+M") ^ }iom{A, RP+'^A"). 

where the first map uses the simplicial enrichment of K and the second is composition in the 
simplicial category B. 

We also define an identity map 

l: * Rom*j^{A,A) 

via the composites 

im--*^ Hom(A, A) Hom(i^™^, K^'A) Hom(yl, K'^A) 

where the first map picks out the identity morphism on A, the second comes from the simplicial 
enrichment of K, and the last is given by iterating the ET-coalgebra structure on A. 

Proposition 1.7. The maps fi and l of \1.6\ determine a category enriched in (csSet, □,*) whose 
objects are the K-coalgebras. We denote this category by Bk- 

Remark 1.8. The csSet-enriched category Bk has an underlying simplicial category with the same 
objects, and with the simplicial set of morphisms from A to A' given by 

RomKiA^A') := HomcsSet(*, Hom^(A, A')) = limHom(^, i^M'). 

The resulting simplicial category is the usual simplicial category of i^-coalgebras. In particular, 
the vertices of the simplicial set HomxiA, A') are the strict if-coalgebra morphisms A ^ A' in the 
sense of Definition ll.2i 

There is another way to construct simplicial mapping objects in a csSet-enriched category, which 
is by taking totalizations of the cosimplicial simplicial sets instead of their strict limits. As we see 
below this produces a simplicial category for which composition is not strictly associative, but is 
associative up to higher coherent homotopies. It is this approach that yields the homotopy theory 
we are interested in. 

It is convenient to use the 'fat' totalization throughout this paper since this has the correct homo- 
topy type without requiring a Reedy fibrant replacement. 

Definition 1.9. The fat totalization of a cosimplicial simplicial set X' is the simplicial set 

Tot(X') :=HomA,„j(A',X') 

where Ainj is the subcategory of the simplicial indexing category consisting only of the injective 
maps. 
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Thus the fat totahzation of X* only depends on the coface maps in X' and ignores the codegen- 
eracies. For objectwise fibrant diagrams (such as Hom^(A, A')) the fat totahzation is homotopy 
invariant, and is equivalent to the ordinary totalization of a Reedy fibrant replacement. 

Definition 1.10. Let A, A' be X-coalgebras in B. The simplicial set of derived K-coalgebra maps 
from A to A' is the fat totalization 

m^K{A,A') := TotHom|f(A, A') = Rom/^,^^{A' ,Rom{A, K* A')). 

The vertices of these simplicial sets are no longer strict X-coalgebra maps, but commute with the 
coalgebra structures only up to higher coherent homotopies. 

Definition 1.11. A derived K-coalgebra map from A to A' is a vertex / in the simplicial set 
HomxiA, A'). Explicitly, such an / consists of a collection of morphisms 

/„ : A" ^ Hom(yl, K^'A') 

satisfying some compatibility conditions. In particular, there is an underlying map 

fo-.A^A' 

and the map /i : — Hom(^, KA') provides a homotopy between the two composites in the 
square 

A > A' 

KA > KA' 

The maps fn can be viewed as formed a set of higher coherent homotopies that generalize this. 

There is no single well-defined and associative composition for derived -fC-coalgebra maps, but we 
can compose them up to the action of the following ^oo-operad. 

Definition 1.12. We define a (non-symmetric) operad of simplicial sets by taking, for n > 0, 

An :=HomA,JA',(A')°"). 

This is the 'coendomorphism operad' of the cosimplicial simplicial set A*. McClure and Smith 
show in [23^, 3.5] that A„ is contractible for each n, so that A is an Aoo-operad. 

For n > and for A'-coalgebras Aq, . . . , An we define natural composition maps 

(1.13) An X Homi^(ylo, ^i) x • • • x Homx(^n-i, ^n) Homx(Ao, ^n) 

by the composites 

HomAi,j(A',(A')°") X HomA,„,(A',Hom^(Ao,^i)) x • • ■ x HomA, JA', HomJ,(^„_i, A„)) 

^ HomAiJA', (A')°") x HomAiJ(A')°",Hom^(^o, Ai) □ • • . □ Hom^(A„_i, A„)) 
^ HomA;JA',HomJ^(Ao, Ai) □ . . . □ Hom^(A„_i, ^„)) 
^ HomA;JA',Hom^(Ao, A„)) 
where the final map is given by iterating the map /x of Definition II. 6[ 

Proposition 1.14. The maps \1.13\) determine a simplicial Aoo-category whose objects are the 
K-coalgebras in B and whose morphism spaces are the simplicial sets HoniKiA, A'). 
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Proof. A simplicial ^oo-category consists of generalized composition maps of the form ()1.13p that 
satisfy associativity and unit conditions with respect to the operad structure on the A^o operad A. 
In our case these conditions fohow formally from the construction of the maps (jl.lSp and the fact 
that A is the coendomorphism operad on the object A*. □ 

As for an ordinary simplicial category, we can associated a homotopy category to any simplicial 
-/^QQ-cate gory by taking path components of the mapping objects. 

Definition 1.15. The homotopy category of K-coalgebras has as its objects the i^-coalgebras in 
B, and the morphisms from A to A' are the path components of the simplicial mapping space. We 
denote the morphism sets in this homotopy category by 

[A,A']k ■■= ^oE^k{A,A') = 7roTotHom(^,i^M'). 

We now identify those derived coalgebra maps that are invertible in this homotopy category. It 
turns out to be precisely those that are homotopy equivalences in the underlying category. 

Proposition 1.16. The derived K-coalgebra map f : A ^ A' induces an isomorphism in the 
homotopy category of K-coalgebras if and only if the underlying map fo'.A^A'isa simplicial 
homotopy equivalence in the simplicial category B. 

Proof. The map / induces an isomorphism in the homotopy category of ii'-coalgebras if and only 
if, for any ii'-coalgebra A", composition with / induces an isomorphism 

f* ■.[A\A"]k^[A,A"]k. 

In order to analyze this condition, we fix a vertex of the simplicial set A2 by means of an isomorphism 
of cosimplicial simplicial sets 

a : A* ^ A' □ A* 

as described in McClure-Smith |23t 3.5]. This choice then fixes a composition operation for derived 
K-coalgebra maps. 

The map /* can then be described in the following way. It is given by taking the path components 
of a map of simplicial sets of the form 

Tot Hom(A', K'A") °* > Tot(A* □ Hom(yl', K'A")) ^* ) Tot Hom(^, K'A"). 

The first map a* is determined by a and is the composite 

HomA,„^ (A*, X') > HomAi„^ (A* □ A', A' □ X') 

> HomA,„j (A*, A* □ X') 

where X* = Yiova*j^{A\ A"). The map (3* is induced by taking totalizations of the following map of 
cosimplicial simplicial sets 

/? : A* □ Hom(^', K'A") Hom(A, K'A') □ Hom(^', K'A") A Hom(^, K'A"). 

We first show that a* is a weak equivalence of simplicial sets. For this we need the following lemma. 

Lemma 1.17. Let X* be any cosimplicial simplicial set, and let j : A* □ X' — > X* be the map 

induced by A* —?■ *. Then j is a levelwise weak equivalence of cosimplicial simplicial sets. 

Proof. For each m > 0, we define 

i : X™ ^ [A* □ X*]"^ 



A CLASSIFICATION OF TAYLOR TOWERS 



11 



by the sequence 

X™ ^ A° X X™ -Q AP X ^ [A* □ X']™. 

p+q='m 

Then ji is the identity on X™. For each p, there is a 'straight-Une' homotopy 

/i : X AP ^ 

between the identity and the constant map to the final vertex of the simpUcial set A^. These 
together induce a homotopy 

A^ X [A* □ X']™ ^ [A* □ XT 

between the identity map and ij. Thus j is a levelwise weak equivalence. □ 

Now post-compose a* with the weak equivalence 

: HomAiJA', A* DX') ^ HomAi.^(A',X'). 

The resulting map 

HomAiJA',X') ^ HomAiJA',X') 

is that induced by the composite 

A* ^ A* □ A* A A* 

° j 

and so is also a weak equivalence. Thus, a* is a weak equivalence. 

It now follows that / induces an isomorphism in the homotopy category if and only if the map /3* 
is a vTo-isomorphism for all A". 

Next pre-compose /? with the weak equivalence 

i : Hom(A', K'^A") ^ [A* □ Hom(A', KM")]™ 

of Lemma 11.171 This gives us a map 

Hom(A', K'^A") Uom{A, K'^A") 

which is a vro-isomorphism if and only if (3* is. Following through the definitions, this is precisely 
the map (/o)* given by composing with /q. This is a vro-isomorphism if and only if composing with 
/o induces corresponding bijections on simplicial homotopy classes for all A" , that is, if and only if 
/o is a simplicial homotopy equivalence in the simplicial category B. □ 

Remark 1.18. There are, of course, alternative ways to construct a homotopy category of K- 
coalgebras. One could, for example, start with the ordinary category Bk whose morphisms are the 
strict X-coalgebra maps, and invert those morphisms that are equivalences in B. It is not clear in 
general if this should give the same homotopy category. The particular category we describe above, 
however, is what appears in our version of homotopic descent theory, to which we now turn. 

2. Descent for certain left Quillen functors 

In this section we develop a homotopical version of descent theory for studying Quillen adjunctions 
between model categories. Associated to any adjunction F : A B : G, there is a 'descent 
theory' that compares the category A with the category Bk of coalgebras over the comonad K = 
FG. Classically, this was developed by Grothendieck to study the extension/restriction of scalars 
adjunction associated to a ring homomorphism. 

Recently, interest has developed in 'homotopic' descent theory. (See, for example, Hess ^\ and 
Lurie [20l 6.2].) Now A and B are categories with some notion of homotopy, preserved by the 
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adjunction, and the question is whether the categories A and Bk are equivalent in some homotopical 
sense. 

Here we develop part of such a theory for Quillen adjunctions satisfying the following conditions. 

Hypothesis 2.1. We assume that A and B are simplicial model categories and that we have a 
simplicial Quillen adjunction 

F:A^B:G 

in which 

• ^ is cofibrantly generated; 

• every object in B is fibrant. 

The property we really require of A is the following. 

Proposition 2.2. There is a simplicially enriched comonad c : A ^ A such that for any X & A 

• cX is cofibrant; 

• the counit natural transformation 

e : cX^X 
is a fibration and a weak equivalence. 

In other words, c is a cofibrant replacement functor for A that is also a simplicial comonad. 

Proof. A non-enriched version of this is due to Radulescu-Banu [26] . Blumberg and Riehl prove the 
enriched version in ^ 6.1] using a small object argument of Garner [12] modified to take account of 
the simplicial enrichments. This is essentially the enriched small object argument of Rezk, Schwede 
and Shipley [27, Proof of 6.3]. □ 

Remark 2.3. The fibrancy condition on B is also stronger than we need. The existence of a 
fibrant replacement monad on B is sufficient for making the constructions of this section though 
this change would make things more complicated. We stick with the stronger condition since it is 
sufficient for our applications. 

Definition 2.4. With c as in Proposition 12.21 we now write K : B ^ B for the comonad given by 

KY = FcGY 

with comultiplication 

FcG FccG FcGFcG 
where the first map is the comultiplication for c and the second is the unit natural transformation 
for the adjunction (F,G), and counit 

FcG ^ FG^Ib 

where the ffist map is the counit for c and the second is the counit for the adjunction. 

Definition 2.5. Let B denote the full subcategory of cofibrant objects in B. Since all objects in B 
are assumed to be fibrant, the simplicial mapping spaces in B are fibrant simplicial sets. 

The functor K restricts to a comonad on the category B because the left adjoint F preserves 
cofibrant objects. The functor K is simplicial since F, c and G all are. We can therefore apply the 
theory of Section ^to K : B ^ B. The result is a simplicial 74oo-category Bk whose objects are 
the i^-coalgebras that are cofibrant in B, and an associated homotopy category. 
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Definition 2.6. For X G A, the object FcX of B has a canonical -fC-coalgebra structure given by 
the composite 

FcX FccX FcGFcX 
defined in the same manner as the comultiphcation for K. We get an induced simphcial functor 

Fc:A^Bk 

Note that this functor takes weak equivalences in A to morphisms of X-coalgebras that are weak 
equivalences in B (and hence simplicial homotopy equivalences in B). Therefore, by Proposition 
11.161 Fc induces a functor from the usual homotopy category of the model category A to the 
homotopy category of Bk described in Definition 11.151 

Our version of homotopic descent theory is concerned with the question of when an object X in ^ 
can be recovered, up to weak equivalence, from the iT-coalgebra FcX. When this is possible it is 
done via a cobar construction. 

Definition 2.7. Let ^4 be a if-coalgebra that is cofibrant in B. The cobar construction on A is 
the cosimplicial object in A given by 

cGK'A. 

The coface map 5* : cGK"^A cGK"^^^A is given 

• for i = 0, given by the composite 

cG ccG cGFcG = cGK; 

• for i = 1, . . . , m, by the comultiphcation K — )• KK applied to the i*^ copy of K; 

• for i = m + 1 hy the X-coalgebra structure on A; 

and the codegeneracy : cGK"^A — > cGK"^^^ A is given 

• for j = 0, . . . , m — 1 by applying the counit X — > Ig to the j + 1**^ copy of K. 
Definition 2.8. For A = FcX, the cobar construction is coaugmented by the map 

cX cGFcX 

and there is an induced map 

rj-.cX^ Tot (cG(FcG)' FcX) 

where the right-hand side is a fat totalization calculated in A. (Note that the cofibrant replacement 
functor c preserves fibrant objects so this is a levelwise fibrant cosimplicial object in A. The fat 
totalization therefore gives the correct homotopy type.) 

We say that X is F -complete if 77 is a weak equivalence in A. Thus X is F-complete when it can 
be recovered from the i^-coalgebra FcX via the cobar construction, that is, when the 'descent 
question' has an affirmative answer. 

The main result of this section is that the simplicial set of maps between two F-complete objects 
in A is weakly equivalent to the corresponding simplicial set of derived iT-coalgebra maps. This 
implies in particular that the homotopy category of F-complete objects embeds fully and faithfully 
in the homotopy category of i^-coalgebras. 

Proposition 2.9. For objects X,X' A with X cofibrant and X' fibrant and F-complete, the 
natural map 

Hom^(X,X') ^ fh^i^(FcX,FcX'), 
is a weak equivalence of simplicial sets. 
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Proof. By hypothesis, the functor c preserves fibrant objects. It follows from this that cX' and 
objects of the form cGY are all fibrant in A- 

Now consider the following diagram of simplicial sets 

(*) 



Hom^(X, cX') 



Hom^(X,X') 



-)■ TotHom^(X,cGE:'FcX') 

Iiom.K{FcX,FccX') Tot Roihk {F cX, FccGK* FcX') 



Fc 



RomxiFcX, FcX') 



Tot Hom K {FcX, FcGK* FcX' 



Our goal is to show that the composite of the bottom two maps in the above diagram: 

Hom^(X, X') RomxiFcX, FcX') Tot Hom^^ (FcX, K'+'^FcX') 

is a weak equivalence of simplicial sets. (Notice that the right-hand object is isomorphic to 
Romx {FcX, FcX').) 

To do this we show the following: 

(1) the maps in (*) denoted A, induced by the cotriple structure A : c — )■ cc, are well-defined; 

(2) the bottom-left quadrilateral in (*) commutes in the homotopy category of simplicial sets 
(the other quadrilaterals commute on the point-set level); 

(3) the other 'outer' maps e, rj, Fc and A are weak equivalences. 

For (1), we need to verify that 

• the map FcX' — > FccX' is a map of ii'-coalgebras; 

• the maps FcGK* FcX' — > FccGK* FcX' are maps of iT-coalgebras and commute with the 

coface map 5^ induced by cG — )■ ccG — )■ cGFcG 

For the first part, we check that the following diagram commutes: 

FcX' > FccX' — ^ FcGFcX' 



cA 



GFA 



FccX' — FcccX' — ^ FcGFccX' 



The left-hand square commutes by associativity of A and the right by naturality of ij. Therefore 
A is a map of coalgebras as required. 



A CLASSIFICATION OF TAYLOR TOWERS 



15 



For the second part, we also check that the fohowing diagram commutes: 



FcGY 



^ FccGY 



FcGFcGY 



cA 



Ac 



FcccGY 



AGF 



FccGFcGY 



FccGY 

which is similar. This completes (1). 

For (2), note that we have inverse weak equivalences 

e : RomKiFcX,FccX') ^ RomxiFcX, FcX') : A 

where e is induced by applying the counit map e : c 1 to the second copy of c in FccX' . These 
are inverse because Ae is the identity by the counit axiom for c to be a cotriple. Thus in (*), viewed 
in the homotopy category of simplicial sets we have 



A(Fc)e = Ae(Fc) = (Fc) 



as required. 



For (3), the map labelled e is a weak equivalence since cX' — )■ X is; the top map labelled r/ is a 
weak equivalence because X' is F-complete; the right-hand map labelled A is the (fat) totalization 
of a levelwise weak equivalence, hence is a weak equivalence. This leaves the top-right map labelled 
Fc. We claim this is also the totalization of a levelwise weak equivalence, so it is enough to show 
that 

Hom^(X, cGY) RouiKiFcX, FccGY) 
is a weak equivalence, for any Y B. This fits into a diagram 



Fc 



^ RomxiFcX, FccGY) 



Fc 



^ }iomK{FcX,FcGY) 



RomB{FcX,Y) 



Hom^(X, cGY) 



Hom^(X, GY) 



Hom^(cX, GY) 

The bottom map is that induced by cX — )• X and so is a weak equivalence. Thus the top horizontal 
map is a weak equivalence as required. This completes (3) and hence the proof of 12.91 □ 



Corollary 2.10. Under the conditions of \2.1\ the functor Fc determines a fully-faithful embedding 
of the homotopy category of F -complete objects in A into the homotopy category of K-coalgebras 
defined in \1.15[ where K = FcG is as in Definition I 



Proof. This follows by applying ttq to the weak equivalences of Proposition 



□ 



We now turn to the question of when the embedding of Corollary I2.1UI is an equivalence. This is 
implied by the following condition. 

Definition 2.11. We say that the adjunction {F,G) satisfies effective descent if every i^-coalgebra 
is equivalent in the homotopy category of -fC-coalgebras to FcX for some F-complete X in A. 
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We now give a condition for (F, G) to satisfy effective descent. This is a homotopic version of the 
Barr-Beck Theorem and is dual to part of Lurie's [20', 6.2.2.5]. 

The idea is that the functor Fc : A Bk and the cobar construction Bk A. form an adjunction 
on the level of homotopy categories. Our condition is in terms of the counit of this adjunction 
which can be represented by the following derived map of iT-coalgebras. 

Definition 2.12. Let ^ be a -ftT-coalgebra. Then we define a derived map of -ftT-coalgebras 

e : FcTot{cGK*A) A 

as follows. This consists of maps of simplicial sets 

e„ : A" ^ RomBiFcToticGK'A),K''A) 

that are the composites 

A" ^ RomA{Tot{cGK'A),cGK''A) 

Romi3{FcTot{cGK*A),FccGK''A) 
RomB{FcTot{cGK*A),K''A) 
where the first map is adjoint to the projection 

Tot{cGK'A) Hom(A", cGiT"^), 
the second uses the simplicial enrichment of Fc, and the last involves the counit maps 

FccG ^ FG^l. 

The En commute with the coface maps in these cosimplicial simplicial sets so define the required 
map e. 

Lemma 2.13. The adjunction {F,G) satisfies effective descent if and only if the map 

eo : FcTot{cGK'A) A 
of \2.1S\ is a weak equivalence in B for any K-coalgehra A. 

Proof. The adjunction (at the level of homotopy categories) between Fc and the cobar construction 
is an equivalence if and only if its counit is a natural isomorphism. (We already know that Fc is 
an embedding.) The claim then follows immediately from Proposition II . 1 6l □ 

We now state our version of the Barr-Beck Theorem in this context. This says that if totalizations 
of certain cosimplicial objects are preserved by F, then the adjunction (F, G) satisfies effective 
descent. 

Proposition 2.14 (Homotopic Barr-Beck). Suppose the functor Fc : A B determines weak 
equivalences 

FcTot{cGK'A) ^ Tot{FccGK'A) 

for all K-coalgebras A. Then {F,G) satisfies effective descent. 

Proof. The map eo referred to in Lemma 12.131 can be expressed as a composite 

FcTot{cGK'A) ^ Tot{FccGK'A) ^ Tot{FcGK'A) A 

where the middle map applies the counit to the first copy of c, and the right-hand map projects 
onto the 0-simplices FcGA and then applies the counit for K to get to A. The cosimplicial object 
in the third term has extra codegeneracies and the right-hand map is a simplicial homotopy inverse 
for the coaugmentation map, so is therefore a weak equivalence. The claim follows by Lemma 
[2l3l □ 
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3. Taylor towers and descent 

We now turn to Goodwillie calculus and set up a general framework to describe how the Taylor 
tower of a functor can be recovered from its layers. 

Definition 3.1 (Spaces and spectra). Let Top^ be the category of based compactly-generated 
topological spaces, and Sp the category of /S-modules of EKMM [10]. We refer to the objects of Sp 
as spectra instead of S'-modules. 

We use the letters C and D to denote either of the categories Top^ and Sp. These are cofibrantly 
generated pointed simplicial model categories in which every object is fibrant. They are both 
tensored and cotensored over simplicial sets. We use Hom(— , — ) to denote simplicial mapping 
objects with a subscript C or D to denote the underlying category. Since C and D are pointed 
categories, these mapping objects are pointed simplicial sets. 

In Sp we also have internal mapping objects, and we write Map(— , — ) for the spectrum of maps 
between two spectra. 

We also write C^'" for the full subcategory of C whose objects are the finite cell complexes in C with 
respect to the chosen generating cofibrations. In particular, C^'" is a skeletally small category. 

Definition 3.2 (Functor categories). Let [C^'", D] be the category of pointed simplicially-enriched 
functors F : C*^'" — >■ D. Here pointed means that F{*) = *. The category [C''", D] has a projective 
model structure that is also simplicial, cofibrantly generated and pointed. We write Natc(-F, G) for 
the simplicial set of natural transformations between two pointed simplicial functors F, G : C^'" — ?> D. 
We also write hNatc(-F, G) for the simplicial set of derived natural transformations from F to 
G. hNatc(-^, G) can be defined as Nate (cF,/G), where c and / denote cofibrant and fibrant 
replacement, respectively. Note that 7ro(hNatc(-F, G)) is the set of maps from F to G in the 
homotopy category of functors. 

Lemma 3.3. Let F : C^'" D be a pointed simplicial functor. Then F preserves weak equivalences. 

Proof. The objects in C^'" are both fibrant and cofibrant so a weak equivalence / : X Y in C*"'" 
has a homotopy inverse g -.Y ^ X. Since F is simplicial, it follows that Ff has Fg as a homotopy 
inverse and so is also a weak equivalence. □ 

Definition 3.4 (Taylor tower). Let F : C''" ^ D be a pointed simplicial functor. Then there exists 
a sequence of natural transformations 

F ^ > PnF Pn-lF > PiF * 

m which P„F : C^'" ^ D is n-excisive (takes strongly homotopy cocartesian (n + l)-cubes in C 
to homotopy cartesian cubes in D), and pn ■ F ^ PnF is, up to homotopy, the initial natural 
transformation from F to an n-excisive functor. This is the Taylor tower of F (expanded at the 
trivial object in C). See [15j for the details of these constructions. 

Definition 3.5 (derivatives). The layers of the Taylor tower are the functors 

DnF := hofib(P„F ^ Pn-iF). 

Goodwillie shows in [15] that these are of the following form: 

DnF{X) ^ (f]~)(a„F A ((S-)X^"));,s„ 

where dnF is a spectrum with S„-action, and 0°°, respectively is present if D, respectively C, 
is equal to Top^, and absent if equal to Sp. We refer to dnF as the n*'' derivative of F. Note that 
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the above formula determines only the homotopy type of the spectrum dnF. We choose specific 
models for these spectra later in this paper. 

In previous work [2] , we have identified additional structure on the derivatives of a functor of based 
spaces or spectra. This additional structure is stated in the language of operads which we now 
briefly recall. Note that all our operads, modules and bimodules are in the category of spectra and 
do not have a 0**^ term. 

Definition 3.6 (Symmetric sequences of spectra, operads and their modules). Let [51, Sp] denote 
the category of symmetric sequences of spectra, that is, functors Z — )• Sp where 51 is the category of 
nonempty finite sets and bijections. The category [Z, Sp] has a proper cofibrantly generated pointed 
simplicial model structure in which fibrations and weak equivalences are detected termwise. All 
objects are fibrant in this model structure. 

For a symmetric sequence A, we write for the value of A on the finite set {1,... The 
spectrum An then has an action of the symmetric group S„ and A is determined, up to isomorphism, 
by the sequence Ai, A2, A^,, . . . together with these actions. 

An operad consists of a symmetric sequence P together with a unit map S ^ Pi (where S is the 
sphere spectrum) and composition maps 

Pr A Pni A ... A Pn^ -fniH hn^ 

that are suitably equivariant, associative and unital. 

For an operad P, a right P-module consists of a symmetric sequence A with suitable right P-action 
maps 

Ar^Pn^^...^ Pn^ ^ni+-+n. 

and a left P-module consists of a symmetric sequence M with suitable left P-action maps 

Pj. A Am A ... A An^ — )• — hn^- 

For two operads P, P' we have the notion of a (P, P')-bimodule that is a symmetric sequence with 
a left P-action and right P'-action that commute. 

Each of the categories of operads, left, right and bi- modules has a projective model structure 
in which weak equivalences and fibrations are detected in the underlying category of symmetric 
sequences. These model structures are cofibrantly generated, pointed and simplicial, and every 
object is fibrant. See [2| Appendix] for details. 

Definition 3.7 (Truncated symmetric sequences). Let 51<jv denote the category of nonempty finite 
sets of cardinality at most N, and bijections. An N-truncated symmetric sequence is a functor 
from 51<jv to Sp, or equivalently a sequence Ai, . . . , A^ with symmetric group actions. We denote 
the category of A^-truncated symmetric sequences by [5I<Ar,Sp]. We also implicitly view this as a 
subcategory of [Z, Sp] where we identify an A^-truncated symmetric sequence A with the symmetric 
sequence A in which A/. = * for k > N. We say that a symmetric sequence A is bounded if it is 
A^-truncated for some A^. 

We write A<n- for the N -truncation of the symmetric sequence A given by forgetting (or setting 
equal to *) the terms A^ for k > N. If A is an operad, module or bimodule then A<i\f inherits 
this structure and there is a natural map A — > A<i\i that preserves the structure. In fact there is a 
tower (of symmetric sequences, operads, modules or bimodules) 

A —>■••• —>■ A<:i\i —7- ^<(Ar-i) —>■••• ^^<1. 
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Example 3.8. The derivatives of a pointed simplicial functor F : C*^'" — ?> D form a symmetric 
sequence 

If / is the identity functor on based spaces, then there is a model for the symmetric sequence of 
derivatives of I that has an operad structure. This model is formed by the Spanier- Whitehead 
duals of the partition poset complexes, see [8j. We denote this operad by 9*/ and assume that 5*1 
is cofibrant in the projective model structure on operads. 

In [2] the authors constructed models for functors to or from based spaces that are modules over 
the operad d^I. For F : Top^'" Sp, d^F is a right 5*/-module, for F : Sp^'" — ^ Top^, d^F is a left 
9*/-module, and for F : Top^'" — )• Top^, 3*F is a (?*/-bimodule. These structures allow us to define, 
in each case, a functor 

where Ai is the appropriate category of modules or bimodules. When C = D = Sp, we take M. to 
be the category of symmetric sequences. 



One of the key observations of this paper is that this functor 5* has a right adjoint. This is well- 
known in the case D = Sp but is new when D = Top^. We leave the construction of such adjunctions 
to later sections that deal with each combination of C and D in turn. The anxious reader may turn 
to Proposition 14.31 (for the case D = Sp) or Proposition 17.21 (for the case D = Top^). 

For the remainder of this section we make the following assumption about the existence of the right 
adjoint to d^. 

Hypothesis 3.9. Let C and D each be either of the categories Top^ or Sp, and let Ai be some 
category of symmetric sequences, modules or bimodules. We assume given a pointed simplicial 
Quillen adjunction 

such that, for cofibrant F, the symmetric sequence d^F is a natural model for the sequence of 
derivatives of F. 



We also fix henceforth, by Proposition [2]2l a cofibrant replacement functor for the category [C''", D] 
that is simplicial and has a comonad structure. However, to simplify the exposition we drop this 
cofibrant replacement from out notation. In particular, when we write di:F we implicitly mean 
d^cF. 

We now apply the descent theory of Section [2] to the adjunction of Hypothesis 13.91 Our main result 
(Theorem 13.121 below) identifies the functors F : C''" — >■ D that are 5^,-complete in the sense of 
Definition 12.81 A key role is played in this by the following lemma concerning the right adjoint 

Lemma 3.10. Let A be an N -truncated object in AA. Then the functor is N-excisive. 
Proof. We use the following characterization of A^-excisive functors: 

Claim. A functor G : C''" D is N-excisive if and only if any natural transformation F ^ G 
factors, in the homotopy category, as 

fE^p^f^g. 



Proof of Claim. The 'only if direction is part of the universal property enjoyed by P/v (see [15j). 
For the 'if direction, suppose that G is a functor such that every natural transformation F ^ G 
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factors as claimed. Then in particular, the identity natural transformation G ^ G factors, in the 
homotopy category, as 

Thus pn has a left inverse in the homotopy category. But composing the above sequence again 
with pn, and applying the uniqueness part of the universal property enjoyed by Pn, it follows that 
Pn o OL is the identity on P^G. Thus pN also has a right inverse in the homotopy category, so is an 
equivalence. Hence G is A^-excisive. □ 

Now suppose A is A^-truncated and apply the claim to ^A. A natural transformation F ^A 
corresponds under the adjunction of 13.91 to a map d^^F ^ A m J^. Since A is A^-truncated, this 
map factors, in the homotopy category of 7W, as 

d^{F) ^ d^{PNF) ^ A 

which corresponds, under the Quillen adjunction of l3.9l to a factorization 

F PnF ^A. 

By the Claim, then, ^A is A'^-excisive. □ 

Definition 3.11. Under the assumptions of 13.91 let K be the comonad on the category Ai given 
by 

KM := 9*$M. 

Then, for any pointed simplicial functor F : C''" — )• D, the symmetric sequence d^:F has the structure 
of a -ftT-coalgebra in A4. The functor F is d^-complete if the map 

F Tot{^K'd,F) 

is a weak equivalence, that is, if F can be recovered from its derivatives together with their K- 
coalgebra structure. 

Theorem 3.12. Let C and D be either Top^ or Sp and 9* as in \ 3.9l For a pointed simplicial 
functor F : C''" D the d^,- completion map 

T]: F ^ Tot{<S>K'd^F) 

is, up to homotopy, a retract of the map 

Poo ■ F —7- holimP„F 

n 

associated to the Taylor tower of F . In particular, if F is equivalent to the limit of its Taylor tower, 
then F is d^-complete. 

Proof. Goodwillie constructs, in 2.2], a functor 

i?fe:[Cf-,D]^[Cf'",D] 

such that, for any F G [C'", D], RkF is ^-homogeneous, and there is a natural fibration sequence 
of functors: 

PkF ^ Pk-iF ^ RkF. 
In particular, RkF is a natural delooping of DkF. 
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Our proof of the theorem is based on the fohowing commutative diagrams in which each column is 
a fibration sequence of functors 



-4 Tot{Pk{^K'd^F)) 



TotiPk-ii<^K'd,F)) 



Tot{Rki^K'd^F)) 



Pk{F) 



(*) Pk-i{F) 



Rk{F) — 

We show first, by induction on k, that all the horizontal maps in these diagrams are equivalences. 
For this, it is sufficient, by the induction hypothesis, to show that the bottom horizontal map is an 
equivalence. 

The key point here is that the functor Rk factors via 5*. We define a functor \I'yfc : — t- [C^'", D] by 

That is, is the functor that recovers Di^F from There is then a natural equivalence 

RkG ~ Rk'^kd.G. 

The bottom horizontal map of (*) is therefore equivalent to the map 

Rk'^kid.F) ^ TotiRk'^kiK'+'d.F)). 

This is the coaugmentation map for a cosimplicial object with extra co degeneracies (given by the 
counit map for the extra copy of K that now appears) and so is a simplicial homotopy equivalence, 
hence a weak equivalence in [C''", D]. 

We deduce then by induction that all the horizontal maps in (*) are weak equivalences. 

The claim that r/ is a retract, up to homotopy, of pco then follows from the existence of the following 
commutative diagram: 



Toti^K'd^F) 



Poo 



holimP„(F) 



holimTotPni<l>K'd,F) 



holimTot($(i^'a,F)<„) 



holimTot Pni<^iK'd,F)<n) 



Since we have shown that the horizontal maps in (*) are equivalences, the bottom-left horizontal 
map is an equivalence. The top-right horizontal map is an equivalence because the homotopy limit 
commutes with both totalization and the right Quillen functor <I>, and because holim„ A<„, ~ A for 
any A A4. The right-hand vertical map is an equivalence by Lemma 13.101 

Note that we do not claim the bottom-right horizontal map in the above diagram to be a weak 
equivalence in general. If the Taylor tower of F converges, that is poo is an equivalence, then all 
maps in this diagram are weak equivalences. □ 
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It follows from Theorem 13.121 that if F is A^-excisive for some A^, then F can be recovered from the 
-fC-coalgebra More generally, for any F, we can recover PnF from the A^-trmication D^nF, 

together with its i^-coalgebra structure. 

Definition 3.13. Let M<n denote the category of A^-truncated objects in M. For A G M-<n, we 
have, by Lemma 13.10^ 

{KA)r ~ * 

for r > A^, so we do not lose homotopical information by thinking of KA as an object of A^<Ar 
(just by forgetting, or setting equal to *, the higher terms). Thus K restricts to a comonad on 
A4<j\f and we refer to a coalgebra over this comonad as an N -truncated K-coalgebra. If A is a 
X-coalgebra in M, then A^n is an A^-truncated -fC-coalgebra. 

Corollary 3.14. For F € [C''", D], we have 

P„F~Tot($K*5<„F). 

With respect to these equivalences, the map PnF — )■ Pn^iF is induced by the truncation maps 

d<nF —?- (9<(„_i)F. 

Proof. Theorem 13.121 tells us that 

PnF ^Tot{^K-d,{PnF)). 

It is therefore sufficient to notice that there is a levelwise equivalence of cosimplicial objects 

^K'd<nF ^^K'd,{PnF). 

□ 

Corollary 3.15. For F,G ^ [C^'",D] with F cofibrant, there are natural weak equivalences of 
simplicial sets 

Natc(F,holimP„G) ^m^K{d^F,d^G) 

n 

where the right-hand side is the simplicial set of derived K-coalgebra maps of Definition 

Proof. This is Proposition 12.91 in the present context. □ 

Corollary 13.151 now implies in particular that (9* determines a fully-faithful embedding of the ho- 
motopy theory of A^-excisive functors into that of A/^-truncated -ftT-coalgebras. We now show that 
this embedding is in fact an equivalence by verifying the hypothesis of our homotopic Barr-Beck 
Theorem (Proposition 12. Ill) . 

Lemma 3.16. For any K-coalgebra A such that Ak — * for k > N, the map 

d^Toti^K'A) Tot(a*$A"M) 
is a weak equivalence of symmetric sequences. 
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Proof. This is similar to the proof of I3.12[ Consider the following diagram in which the columns 
are fibration sequences. (It is important here that 9* preserves fibration sequences.) 

d,Tot{Pk^K*A) > Tot{d^Pk^K*A) 



a* Tot(Pfc_i$KM) > Tot(9*Pfe_i$KM) 



d^Tot{Rk<^>K'A) > Tot{d^Rk<^>K'A) 

where Rk is a natural delooping of Df^. Since ^K'A is A^-excisive by Lemma 13.101 it is sufficient, 
by induction on k, to show that the bottom-horizontal map is an equivalence for any k. But we 
have 

so this bottom map takes the form 

d^Tot{Rk^kK'^^A) Tot{d^Rk^kK'^^A). 

These cosimplicial objects both have extra codegeneracies and this map is therefore equivalent to 
the identity on 

d^Rk^kA. 

so is a weak equivalence. □ 

Theorem 3.17. There is an equivalence between the homotopy theory of N-excisive pointed sim- 
plicial functors F : C^'" D and that of N -truncated K-coalgebras. Letting N ^ oo we obtain an 
equivalence between the homotopy category of polynomial functors and that of bounded K-coalgebras. 

Proof. This now follows from 13.16] and [2^. 141 □ 

We conclude this section with a useful strengthening of Lemma 13.101 Suppose that A is an N- 
truncated object of M. Then not only is ^A an A^-excisive functor, but the counit map d^^A — )• A 
induces an equivalence of A'^*^ terms, that is, of the highest non-trivial terms. We also have a dual 
result, involving the unit of the adjunction (5*, 

Proposition 3.18. Suppose F is an N-excisive functor. Then the unit map 

F $9,F 

induces an equivalence of N^^ derivatives. 

Proposition 3.19. Suppose A is an N -truncated object of A4. The counit map 

d^<^A — y A 

induces an equivalence of N^^ terms of these symmetric sequences. 

To prove the two propositions, we need a few preparatory lemmas that help us to detect -DAT- 
equivalences. 

Lemma 3.20. Let F,G G [C'", D] be functors and assume that G is N-excisive. The map p^ : F — > 
PnF induces a weak homotopy equivalence 

hNatciPN F,G) hNatc(F,G'). 
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Proof. Again we recall that the universal property of P/v is that any natural transformation from 
F to an A^-excisive functor factors through p^, uniquely in the homotopy category of functors. 
It follows that the map hNatc (-P/v-F, G) — > hNatc(P, G) is an isomorphism on vrQ. To prove 
that it is an isomorphism on every homotopy group, note that for every i, 7rj(hNatc(P, G)) = 
7ro(hNatc(F, ^l^G)) and that if G is iV-excisive then so is Q'G. □ 

Corollary 3.21. Let F,G £ [C^'", D]- Assume that PnF ~ * and that G is N-excisive. Then 

hNat(F,G) ~ *. 

Lemma 3.22. Let F,G be N-excisive. Let rj: F — G he a natural transformation. The induced 
natural transformation DN{ri): D^F — > D^G is a weak equivalence if and only if the induced 
map 

hNat(L, 7?) : hNat(L, F) — > hNat(L, G) 
is a weak equivalence for all N -homogeneous functors L. 

Proof. For every L and F there is a homotopy fibration sequence 

hNat(L,DArF) — > hNat(L,PArF) — > hNat(L, PAr_iF). 

If L is A^-homogeneous then, by Corollary 13.211 hNat(L, P/v-i-P) — *• It follows that if F is 
A^-excisive there is a natural equivalence 

hNat(L, DnF) ~ hNat(L, F). 

The same holds for G. Thus, D]y{r]) : D^F — > D^G is an equivalence then so is hNat(L, Dj\f{r])), 
and therefore so is hNat(-L,r/), as required. 

Conversely suppose hNat(L,r/) is an equivalence for every A^-homogenous functor L. Then so 
is liN at (L, Dfyf{r])). It follows by a standard categorical argument that the map D]\j{ri) is an 
isomorphism in the homotopy category of A^-homogeneous functors, which is a sub-category of the 
homotopy category of all functors. Thus D]\f{r]) is a weak equivalence. □ 

Recall that (d^,^) is an adjoint pair of functors between [C^'",D] and M. Given two objects 
A,B £ A4 let hA4{A, B) be the derived space of morphisms from A to B. For example, it can be 
defined as the space of morphisms from a cofibrant replacement of ^ to a fibrant replacement of B. 
(It is true that all objects are fibrant in so taking fibrant replacement is not necessary here.) 

Lemma 3.23. As before, let L be an N -homogeneous functor and let F be N-excisive. Then d-t 
induces an equivalence 

hNat(L,F) ^\iM{d^L,d^F). 

Proof. Consider the diagram 

m&i[L,DNF) > hNat(L,F) 

\iM{d^L,d^DNF) V hM{d^L,d^F) 

Our goal is to prove that the right vertical map is an equivalence. We do this by showing that 
the other three maps are equivalences. We saw that the top horizontal map is an equivalence in 
the proof of Lemma 13.221 The fact that the left vertical map is an equivalence is a consequence 
of Goodwillie's theorem that 9* induces an equivalence between the category of A^-homogeneous 
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functors and the category of spectra with an action of S^v- For detailed calculations of this kind 
see for example [3]. Finally the fact that the bottom horizontal map is an equivalence is an easy 
calculation: because d^L is concentrated in degree N , and is truncated at A'', morphisms from 
9=kL to 0*-F depend only on SnF = d:^Dj\fF. □ 



Proof of Proposition [3.181 Let L G [C^'", D] be an A'^- homogeneous functor. Let F be an A'^-excisive 
functor. By Lemma 13.101 ^d^^F is A^-excisive. By Lemma 13.221 it is enough to show that the map 

hNat(L, F) — > hNat(L, ^d^F) 

is a weak equivalence. Consider the commutative diagram 

hNat(L,F) > hNat(L,$9*F) 



hM{d^L,d,F) 



hMid^L,d,F) - 

Here the right vertical map is an equivalence expressing the adjunction between 9* and The 
left vertical map is an equivalence by Lemma 13.231 The bottom horizontal map is the identity. It 
follows that the top horizontal map is an equivalence. □ 



Proof of Proposition \°:l.iyi First assume that A is concentrated in degree N. There exists a functor 
L such that d^L = A. Indeed, L{X) = {n°°){AN A X^^)hT;N- Consider the maps in M 

A = d^L^ d^^d^L d^L = A. 

Here the first map is applied to the unit of the adjunction L <I>9*L. By proposition 13. 181 this 
map induces an equivalence An = SnL d^^^d^L. On the other hand, the composed map is 
the identity A = A. It follows that the second map induces an equivalence d^^A ^> A^. 

Now let A be any A^-truncated object of AA. Let A<jv be the truncation of j4 at A^ — 1 and let Aj^i 
be the A'^*'^ term of j4, considered as a symmetric sequence concentrated in degree A^. There is a 
fibration sequence in Ad 

An ^ A — > A^N- 

Both functors ^ and 5^, preserve fibration sequences. Therefore we have a diagram in AA where 
both rows are fibration sequences 

S^^An > d^^A > d^^A^N 



An > A > A<^N 

Consider the restriction of this diagram of the A^-terms of all the sequences. Then the right vertical 
map is a map between contractible objects and therefore is an equivalence. The left vertical map 
is an equivalence by the special case of the proposition that we proved already. It follows that the 
middle map is an equivalence. □ 



This concludes our description of the general theory. We now turn to more specific cases and discuss 
how the adjunction of Hypothesis 13.91 can be constructed, and what the X-coalgebra structure 
amounts to, in each case. 
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4. Functors with values in spectra 

We now focus on functors F : C''" — )■ Sp. Our first goal is to establish the existence of an adjunction 
of the form described in Hypothesis 13.91 so that the theory of the previous section can be applied. 
We get this adjunction by showing that the derivatives functor d.^ can be obtained by left Kan 
extending its values on representable functors. 

Definition 4.1. For X S C''", we let Rx '■ C'" — )• sSet* be the representable functor defined by the 
simplicial enrichment of C, that is, 

Rx{Y) :=Homc(X,y). 

We fix models for the derivatives of the functors Ti^Rx '■ C'" — J- Sp. That is, we fix a functor 

d,{T.°°R.) : {d'T ^ P,Sp] 

whose value at X is a model for the symmetric sequence of derivatives of We also assume 

without loss of generality that is cofibrant in the projective model category of such 

functors ^ P,Sp]. 

Definition 4.2. We now define d^F for arbitrary F G [C^'",Sp] by 

d,F := F{X) Ajfgc'i" 

This is an enriched coend calculated over C^'" and A here denotes the termwise smash product of a 
symmetric sequence with a spectrum. This definition produces a functor 

: [Cf'",Sp] ^ [Z,Sp]. 

Note that when F = Y^°°Rx, this definition is canonically isomorphic (by an enriched Yoneda 
Lemma) to the choice of in Definition 14.11 so our notation is consistent. We can also 

view as the enriched left Kan extension of along the functor 

{C^''")"P ^ [C^''",Sp];X ^ ^°°Rx. 
The following proposition is due to Peter Oman |24J in the case C = Top^. 

Proposition 4.3. For cofibrant F G [C*^'",Sp], the symmetric sequence d*F is naturally weakly 
equivalent to the symmetric sequence of derivatives of F. 

Proof. Let d^F be a natural model for the actual derivatives of F. There is an assembly map 
d^,F — )■ d^F that is natural in F. (More precisely, it could be a zigzag of maps.) The claim 
is that this is an equivalence for all cofibrant F. By the Yoneda Lemma the claim is true when 
F is of the form T,°°Rx and any cofibrant functor can be built, up to weak equivalence, as a 
homotopy colimit of these representable functors (for example, by the small object argument in the 
cofibrantly-generated model category [C^'",Sp]). Therefore, since both functors d^, and preserve 
homotopy colimits of, and weak equivalences between, cofibrant functors, the claim is true for all 
cofibrant F. □ 

Definition 4.4. The definition of the functor 9* : [C^'",Sp] — t- [51, Sp] as a left Kan extension 
ensures that it has a right adjoint. This right adjoint is the functor <I> : [Z, Sp] — )■ [C^'", Sp] given by 

^{A){X) := Map^(5,(S°°i?x), A) ^ J] Map(9„(S°^iix), A„)^". 

n 

Proposition 4.5. The adjunction 

: [Cf'",Sp] ^ p,Sp] 
satisfies the conditions of Hypothesis \3.9l 
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Proof. We have already seen that 9=,, provides a model for the derivatives of a cofibrant functor. 
The functor $ preserves fibrations and trivial fibrations because these are detected objectwise in 
both [Cf'",Sp] and [5:,Sp]. Therefore (5*,$) is a Quillen adjunction. □ 

The results of Section [3] now apply. In particular, we conclude that the derivatives of a functor 
F : C^'" — > Sp possess the structure of a i('-coalgebra where K is the comonad d^:^ on the category 
of symmetric sequences. (Recall that there is an implicit fixed cofibrant replacement functor for the 
category [C^'", Sp] involved in the construction of K. We continue to omit this in the notation.) The 
Taylor tower of F can be recovered from this X-coalgebra structure by the formulas in Corollary 

EH 

Remark 4.6. The category [C^'",Sp] is enriched in Sp so we have natural transformation spectra 
Natc{F,G). In this case we can also form spectra Mapj^(9=KF, of derived K-coalgebra maps 
using the enrichment of the category of symmetric sequences in Sp. This is the (fat) totalization 
of the cosimplicial spectrum Map{d^,F, K'd^^G). The functors and $ (and hence K) are also 
enriched in Sp and the conclusion of Corollary 13. ISI can be replaced with a corresponding equivalence 
of spectra 

Natc(F,holimP„G) ~ IVfep^(9*F, a*G). 

In sections [5] and [6] below, we give an explicit (but only up to homotopy) description of the comonad 
K in each of the cases where C is Sp and Top^. There are, however, some common features to these 
descriptions which we now outline. 

Lemma 4.7. The comonad K : [51, Sp] — > [51, Sp] preserves finite homotopy limits. Thus, finite ho- 
motopy limits of K-coalgehras can he calculated in the underlying category of symmetric sequences, 
that is, termwise. 

Proof. The right adjoint $ preserves all homotopy limits. The n^^ derivative functor c?„ can be 
constructed from F by applying Dn, taking the n^^ cross-effect, and evaluating at the 0-sphere 
spectrum. Each of these constructions preserves finite homotopy limits, so 5* does too. □ 

Now any symmetric sequence A is equivalent to the product of its individual terms (viewed as 
one-term symmetric sequences). It therefore follows from 14.7] that when K is applied to a bounded 
symmetric sequence, the result splits up into terms corresponding to the pieces of the input. This 
motivates the following definition. 

Definition 4.8. For a S„-spectrum A^, we also denote by A^ the symmetric sequence consisting 
of An in the n^^ term, with the trivial spectrum in all other terms. Then, for r < n, we write 

KrAn := {KAn)r = Or {X ^ Map(5„(S°°i?x), ^n)""") • 

This is the r**^ term in the symmetric sequence given by applying K to An. Notice that the 
corresponding spectra are trivial for r > n by Lemma fS.lOi For an A^-truncated symmetric sequence 
A, we then have a S^-equivariant equivalence of spectra 

N 

K{A)rC:^llKr{An). 

n=r 

For r < s <n the comonad structure map K — )■ KK determines a map 

^r,s '■ KrAn ^ K-rKgAn 

and the counit K — )• Ip.Sp] determines 



28 



GREG ARONE AND MICHAEL CHING 



We can now describe a X-coalgebra structure in terms of these individual maps. 

Lemma 4.9. Let A be a K-coalgebra with structure map 9 : A ^ KA. Then, for positive integers 
k < n, 9 determines T,r-equivariant maps 



such that the diagrams 



and 




commute. 

Proof. The map 9r,n is the composite 

A, A K{A)r ^ K{An)r = KrAn 

where the second map is induced by the projection from a symmetric sequence A to An considered 
as a symmetric sequence concentrated in the n*^ term. The given diagrams then fohow from the 
coassociativity and counit axioms for a ET-coalgebra in Definition 11.21 □ 

Corollary 4.10. Let F : C^'" — >■ Sp 6e a pointed simplicial functor. Then there are 'Er-equivariant 
maps 

9r,n '■ drF KrdnF 

for r < n, that are natural in F , such that the diagrams in Lemma \4.9\ commute. 

Lemma 4.11. The counit map : K^Aj- Ar of \4.8\ is a weak equivalence for any Ti^-spectrum 

Proof. This is Proposition 13.191 apphed to ^ = (with the role of in that proposition played 
here by r). □ 

Lemma 14.111 removes the need to consider the maps 9r^r as part of the coalgebra structure. The 
-fC-coalgebra structure on d^F for F G [C''",Sp] is determined by the maps 9r^n for r < n subject 
only to the coassociativity conditions in the first diagram of Lemma 14.91 

As a consequence of Lemma 14.111 we get a description of the E^-page of the Bousfield-Kan spectral 
sequence associated to the cosimplicial spectrum that calculates the natural transformation objects 
Natc(F,G). 

Proposition 4.12. Let F,G & [C^'",Sp] be pointed simplicial functors and let E be any spectrum. 
Then there is a spectral sequence E* ^ with 

^-s,t = ® Et (Map(a,„F, Kr.Kr, . . . Kr,_,dr,Gf^o) 
l<ro<---<rs 
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and differential d equal to the alternating sum of maps induced by the comonad structure maps 
Sri,ri+i cLnd the K-coalgehra structure maps 0ra,ri for d^^F and 9r^_^^rs for d-^G. 

If G is N -excisive for some N , then the spectral sequence collapses at the ¥7^-page and converges 
to the E-homology 

Et-s^sXc{F,G). 

Proof. The decomposition of the comonad K via the constructions K^. allows us to write down a 
Reedy fibrant model for the cosimplicial spectrum 

(*) Map(5,F,ir'a*G). 

We do this by replacing K^{d^.G) with the equivalent object 

n Kr,...Kr,_,dr,G 
ro<---<rs 

where Kj. is now defined to be the identity on a E^-spectrum. 

The codegeneracies are now inclusions and the coface maps given by the relevant comonad and 
coalgebra structure maps 5 and 9. It is easy to see this is Reedy fibrant since the matching maps 
are projections from a product onto one of its terms and all objects are fibrant in the underlying 
category. The given formula now follows by the standard form for the Bousfield-Kan spectral 
sequence. 

If G is A^-excisive then the spectral sequence is restricted to the region where 0<s<A^ — Iso 
collapses at the page. The cosimplicial spectrum (*) is degenerate above the A^*'^ level and so 
the spectral sequence converges to the iiJ-homology of its totalization. By Corollary 13.151 this is 
equivalent to the homology of Natc(-F, G). □ 

Remark 4.13. Taking F = T,°°Rx in Proposition 14. 12) gives us a spectral sequence that converges, 
if G is A^-excisive for some N, to the i?- homology of G{X). 

Before turning to the specific cases [Sp^'", Sp] and [Top^'", Sp], we look at what our results say about 
classifying the extensions in the Taylor tower of a functor F : C''" ^ Sp. 

Goodwillie proved in [15j that the fibration sequence 

DnF PnF Pn^iF 

can be extended to the right. That is, there exists a functor RnF and a natural fibration sequence 

PnF > Pn-lF > RnF. 

In particular, RnF is a delooping of DnF. This theorem is important for understanding Taylor 
towers of space-level functors. On the other hand, for spectrum-valued functors it is a triviality. 
This raises the question whether for spectrum-valued functors the map PnF — > Pn~iF can be 
classified in an interesting way by means of a universal fibration. For functors from Sp to Sp this 
was essentially answered by McCarthy [21] (see also [19]). We now recover McCarthy's result with 
our methods, and show how it can be extended to functors from Top^ to Sp. 
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Proposition 4.14. For F G [C^'",Sp] and n >2, there is a homotopy pullhack square, natural in 
X, of the form 

PnF{X) > {^dnF){X) 



where ^dnF denotes the value of the functor <I> applied to dnF viewed as a symmetric sequence 
concentrated in its n*^ term. 

Proof. By Lemma [3. 101 ^dnF is n-excisive. It is sufficient to show that there is a natural transfor- 
mation 

PnF ^ ^dnF 

that becomes an equivalence after applying D„. 
By Proposition 13. 18l we have a Dn-equivalence 

(*) PnF ^ ^d,{PnF) ~ ^d<nF. 

Now ^> commutes with products so we have 

n 

^d<nF ~ Yl ^dkF. 

k=l 

By Lemma 13.101 again each ^dkF is fc-excisive, so the projection map 

is a Dn-equivalence. Composing this with (*) gives the required natural transformation. □ 

Remark 4.15. We only proved the proposition for C being Top^ or Sp, but it seems likely that 
there is a corresponding result for a more general class of categories. 

Corollary 4.16. LetQheJo'p^ or Sp and /ei F G [C''", Sp]. Let X ^ Q}'" . //C = Sp then for every 
n > 1 there is a homotopy pullhack square, natural in X 



PnF{X) y A X' 



Pn~iF{X) > Tates„ A X^") . 

If C = Top^ then the pullhack square has the following form 

PnF{X) > (9„FAX^"/A"X)^^ 



Pn-iF{X) > (9„FASA"X)^s^. 

where A'^X is the fat diagonal inside X^"'. 
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Proof. In Corollary 15.111 below we see that when C = Sp, we have 

So the assertion here is that there is an equivalence 

{dnF A X^")'^'^" Tates„ {d^F A X^") . 
It is well-known, and is easy to prove that the norm map 

induces an equivalence of n^^ cross-effects. Since the target of this norm map is an n-excisive 
functor, the norm map is equivalent to the map 

Dn {dnF A X^")''^" {dnF A X^'^)''^" . 

It follows that the Tate construction, which is the homotopy cofibre of the norm map, is the 
(n — l)-excisive approximation to {dnF A x^")^^". 

In the case C = Top^, Corollary 16. 161 below tells us that 

<^dnF{X) ~ {dnF A X^"/A"X)'^^". 

When X is a finite based complex, the space X^"/A"X can be built from finitely many free 
S„-cells. It follows that the norm map 

{dnF A X^"/A"X);,s„ {dnF A x^"/A"X)^^" 

is an equivalence. This establishes the top-right corner of the required square. It remains to prove 
that 

Pn-i {X ^ {dnF A X^VA"X)^sO - {dnF A SA-X);,s„- 
To see this, consider the homotopy fibration/cofibration sequence 

Smashing it with dnF and taking homotopy orbits we obtain a fibration/cofibration sequence 
{dnF A {dnF A X^VA"X);,s„ [dnF A SA"X);,s„. 

Clearly, the fibre in this sequence is an n-homogeneous functor. It is easy to prove that the base 
is (n — l)-excisive (it is the homotopy colimit of (n — l)-excisive functors). It follows that the map 
from the total space to the base is projection on the {n — Taylor polynomial. □ 



5. Functors from spectra to spectra 



We now turn to the specific case where C = Sp, that is, we look at Taylor towers of pointed 
simplicial functors F : Sp''" ^ Sp. Our goal in this section is to calculate the objects K^An and the 
maps (5r,s from Definition 14.81 in this case. These are given in Propositions 15.2 1 and 15.81 respectivelv. 

Our description relies on certain symmetric group actions on sphere spectra. 

Definition 5.1. Let L be a non-negative integer and let denote the suspension spectrum of the 
based topological L-sphere. For positive integers n, r we write 

gL{n-r) :=Map((5^)^^(5^)^"). 

This has commuting actions of the symmetric groups and S„ by permutation on the two smash 
powers. 
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For an integer n > 1 we denote the set {1, . . . ,n} by n. Now suppose we are given a surjection 
a : n ^ r. 



For positive integers L < L' there is an isomorphism 

arising from the canonical inclusion of in R^' via the first L coordinates. We then have a map 



'a 


. gL(n-r) _ 


5i'("-r-) 


adjoint to the composite 






A Map((5^)^", (S-^)^") 











-^)^" A (5-^)^" 















The second map is the canonical evaluation, and the third is constructed from the diagonal map 
on the suspension spectrum ~^ via the surjection a. 



We then have the following description of the pieces of the comonad K : [51, Sp] — > [Z,Sp]. The 
proof of this result starts with Lemma 15.101 later in this section. 



Proposition 5.2. For a Tin-spectrum An, there is a T,r-equivariant equivalence of spectra 



KrA„ ~ hocolim 



The product is over the set of surjections a : r. The symmetric cjroup Tn acts on the product 
by composition and via the diagonal of its actions on An and S^^""*"^ . The homotopy colimit is 

■L.L' 



formed over the diagram formed by the maps ia of Definition 1 5. n 

Remark 5.3. The orbits of the action of 5]„, on the set of surjections n ^ r are in one-to-one 
correspondence with ordered partitions n = ui + ■ ■ ■ + Ur of n into positive integers ni, . . . , n^. The 
stabilizer for the orbit corresponding to such a partition is isomorphic to the subgroup 

Tni X • • • X Tn^ C Yin- 

It follows that the formula for K^-An can be rewritten as 

, hS,,-, X---X 



Kr-An ~ 



n 



hocolim 

L^oo 



n=n\-\ \-nr 

where the product is over the set of ordered partitions of n into positive integers ni, . . . , n^. 

Corollary 5.4. For a pointed simplicial functor F : Sp^'" — )• Sp, and r < n, there are natural 
Tir-equivariant maps 

hT..n' 



\-^n '■ dj-F — >■ hocolim 



H An A S^^^^-A 



that encode the K-coalgebra structure map for d^F. Equivalently, these can be described in terms 
of a map 

: drF ^ hocolim 



"(ni,...,nr) 

for each partition n = ni + ■ ■ ■ + n 



L^oo 



An A ^ 
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We now turn to the maps 5r,s that encode the comonad structure. To describe these it is convenient 
to observe the following formula for KyKgAn- 



Proposition 5.5. For positive integers r < s < n, we have 



KrKgAn — hocolim 



hocolim 

Af-5>oo 



s—r) 



hT,n 



hT.s 



Proof. This follows from Proposition 15.21 by observing that finite products commute with both 
homotopy fixed points and smash products in the category of spectra. □ 

We also need to understand how the symmetric group actions on the spheres fit together. 

Definition 5.6. For positive integers L, n, r and s, there are natural composition maps 

c : Map((5^)^", {S^f) A Map((5^)^^ (5^)^") ^ M&Y>{{S^f\ (5^)^") 
or, in the notation of l5.lt 

Note that these maps are weak equivalences of spectra and are equivariant with respect to actions 
of S„, and S.^. (The Sg-action is the diagonal action on the source and is trivial on the target.) 

For each c we fix an inverse 

in the homotopy category of spectra with S„ x x S,. action. 

Lemma 5.7. For surjections a : n ^ s and 13 : s ^ r, the following diagram commutes in the 
homotopy category: 



/Ma 



where the vertical maps are as in Definition \5.1[ 

Proof. The maps c commute strictly with the vertical maps so their inverses commute in the 
homotopy category. □ 

We then have the following description of the comonad structure maps. 

Proposition 5.8. For positive integers r < s < n, and with respect to the equivalences of \5.2\ and 
\5.5\ the comonad structure map 



^r,s ■ K^An ^ Kj-KsAn 



takes the form 



hocolim 

L—>oo 



H An A 



hocolim 

M->oo 



hocolim 

N^oo 



Yl An A S^^""-'^ A S 



M(s-r) 
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and, in the homotopy category, is induced by the map 



-r) 



which composes surjections and applies c ^ of Definition \5. 6[ The Tig-equivariance of c ^ implies 
that this lands in the Tig- fixed points and hence the homotopy fixed points. 

The map 6r,s is then obtained by applying the Tin-homotopy fixed points, commuting them with 
the Tig-homotopy fixed points, and including into the homotopy colimits as the terms M = L and 
N = L. 

Remark 5.9. Propositions 15.21 and 15.81 can be interpreted in terms of a certain pro-operad in 
spectra. The pro-operad is a tower of operads, where the n*^ spectrum of the L^^ operad is 
gL{i-n) ^ Associated to each operad S'^(^~*) is a comonad whose coalgebras are precisely the 
right 5^*^^^*'*-modules. The comonad K is then equivalent (as a comonad) to the homotopy colimit 
of the K^. 

We now turn to the proofs of Propositions 15.21 and 15. 8[ Following the general approach of Section 
m this involves first understanding the derivatives of the representable functors in [Sp''", Sp]. These 
are given by the following lemma. 

Lemma 5.10. For X € Sp''", we have 

9„(S°^Homsp(X,-)) -©(X^") 

with Tin-action given by permuting the factors of X. 

Proof. This result is well-known. It follows, for example, from the models for the derivatives of 
functors from spectra to spectra described in |2j 3.1.4]. □ 

Corollary 5.11. The functor : [Sp''",Sp] [5I,Sp] has right adjoint $ : [51, Sp] [Sp''",Sp] 

that satisfies 



HA)iX) ^l[{AnAX 



/\n\hT,n 

n=l 



Proof of Proposition \5.Si It follows from Corollary 15.111 that the spectrum K^An is given by the 
r**^ derivative of the functor 

X^ {AnAX^'^f^-. 
We calculate this using cross-effects. The r**^ cross-effect of {An A X^") is 



J] A„AXi"M... AX,"" 



where we are writing Uj ■.= \a 

Since cross-effects commute with homotopy fixed points, the r*^ cross-effect of {An A x^")'*^" is 
then 

hT,n 



JJ An A . . . A x;''- 
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According to [15J, we can now recover the r^^ derivative by multilinearizing. This gives us 



KrAn ^ hocolimMap {S 

L^OQ 



L\Ar 



Yl A„ A A . . . A (5^) 



L\/\nr 



The terms in this homotopy colimit are clearly equivalent to 

n-»r / 

SO it remains to show that the maps between these terms are given by the i^'^ of Definition 15.11 

For this we note that the stabilization maps are given by the topological enrichment of the cross- 
effect functor which yields maps 

cvn{F){S\ . . . , 5^) A 5^'"^ A ... A S^'-^ ^ cr„(F)(5^', . . . , 5^'). 

(Here we are using the fact that the spectra S^'~^ are suspension spectra. The cross-effect functors 
are not strictly enriched over based spaces, but are enriched in an up-to-homotopy sense that is 
sufficient for us.) The topological enrichment of the functor X ^ X^" is given by the diagonal of 
the space being tensored with. It follows that the stabilization map in our case is given by the map 

(A„ A A ... A A S^'-^ A ... A S^'-^ ^ {Ar, A (^^Y^i A ... A (5^')^"^ 

that applies the diagonal 

This is equivalent to the description of i^'^ in Definition 15.11 □ 



We now turn to Proposition 15.81 The comonad structure maps 5r^s '■ K^An K^KgAn are derived 
from the unit map of the {dt^, <l>) adjunction, that is, the map 

rj: F ^ ^d^F. 

It follows from Corollary 15.111 that r] is built from natural transformations 

r/, : F{X) ^ {dsFAX^'f^^. 

The structure map 5r,s is given by applying dr to the natural transformation rjs associated to the 
functor F{X) = {An A X^"-)^^". The first step in proving Proposition 15.81 is therefore to get a 
better understanding of the maps rjg. In order to express these we use the 'co-cross-effects'. 

Definition 5.12 (Co-cross-effect). For a pointed simplicial functor F : Sp''" — >■ Sp, the n*^ co- 
cross-effect is the functor of n- variables, denoted by cr"(F), given by 



cr"(F)(Xi, ...,Xn):= thocofibF ( TT^' I 



This is the total homotopy cofibre of an n-cube, as defined by Goodwillie |14|, 1.4]. 

For functors from spectra to spectra, the n^^ co-cross-effect is naturally equivalent to the n*^ cross- 
effect [9], 2.2] and hence its multilinearization can be used to calculate the n*^ derivative. We 
therefore have 

dnF ~ hocolim Map((5-^)^", cr"(F)(5^, . . . , S^)). 

L—^oo 
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Definition 5.13 (Assembly map equivalence). Goodwillie established in §5] the relationship 
between the cross-effects and the derivatives. Central to this is the existence of an equivalence (for 
finite cell spectra Xi, . . . , Xn) 

9„F A Xi A . . . A X„ A hocolimMap((5-^)^", cr"(F)(S^Xi, . . . , 

L— >oo 

We refer to this as the assembly map equivalence and it describes how a symmetric multilinear 
functor (in this case the multilinearized co-cross-effect) can be described with a single coefficient 
spectrum (in this case dnF). 

In the case that Xi, . . . , Xn are suspension spectra, the assembly map equivalence can be described 
at the level of co-cross-effects (i.e. before multilinearizing) . In this case there are natural maps 

cr"(F)(5^, ...,s^) ^Xl^... ^Xn^ cr"(s-^ ^Xl,...,s^ AXn) 

that arise from the simplicial enrichment of the co-cross-effect functor in each variable. (Strictly 
speaking, this map only exists up to certain inverse equivalences which we suppress.) Looping and 
taking the homotopy colimit as L — > cxo we get the assembly map equivalence as described above. 

With this in mind, we can describe the maps r]n as follows. 

Proposition 5.14. For a functor F : Sp''" — )• Sp, the map rjn is equivalent to the composite 
F{X) — ^ F{X X • • • X X f^^ 
^cr"(F)(X,...,X)^^" 

hocolimMap ((5-^)^", cr"(F)(S^X, . . . , S^X)) 

L->-oo 



{dnF A X 



An\hT,„ 



where A is induced by the diagonal X^Xx---xX,Lis the map from the terminal object of a 
cube to its total homotopy cofibre, i is the inclusion as the L = term and the final equivalence is 
an inverse to the assembly map equivalence of \5.1'A 

Proof. We show first that this calculation is valid for representable functors. Suppose F = T,°°Ry 
for some Y G Spf'". Then the map 

rjn : S°°i?y(X) ^ ci>a„(S°°fly)(X) = Map(a,(S°°i?x), 9„(S°°i?y))^" ^ Map(y^",X^")^" 

is given, for formal reasons, by the simplicial enrichment of the functor X i— >■ X^"'. This is adjoint 
to the diagonal map 

Hom(y,X) A [Hom(y, X)^"] ^" ^ Hom(y^'^, X^")^" ^ Map(y^", X^")^". 
On the other hand, the composite in the statement of the lemma is equivalent to 

Hom(y, X) ^ > Hom(y, X)"]^" 

^ Hom(y, X)^"]^" 

^[Map(y,X)^"]^" 

~ > Map(y^",X^")^" 

which is therefore equivalent to r/„. 

Now take an arbitrary F : Sp''" — > Sp. The composite 

F(X) ^ {dnF A X^")^^" ^ {dnF A X^") 
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is equivalent, by naturality of ry„, to 

F{Y) Ayesp«n RriX) ^ F{Y) AyeSp^- [dniRy) A X^"]'^^" ^ F{Y) Ay^Sp"- dniRy) A X 
which, from the calculation for Ry, we know to be equivalent to the composite 

F{Y) Ay Ry{X) F{Y) Ay Ry{X x ■ ■ ■ x X) 
^F(y) Ay cr"(i?y)(X,...,X) 
^ F{Y) Ay dn{Ry) A X'^''^ 



An 



which is equivalent to 
Fix) 



F{X X ■■■X X) 



cr"(F)(X,...,X)^(9„FAX^"). 

The factorization via homotopy fixed points is unique up to homotopy, so this completes the 
proof. □ 

Remark 5.15. The maps rjn have been previously studied by McCarthy [21]. He used them to 
show how the n-excisive approximation PnF can be built from Pn-iF and D^F via a certain Tate 
spectrum. Since our goal here is also to understand how PnF is built from its pieces, it should not 
be a surprise to see this map appearing here too. 

Example 5.16. When F is the n-homogeneous functor given by 

F{X) = {An A 

the map is equivalent to the norm map of Greenlees-May [16] 

N:{AnA ^ (An A X^")'^^" 

from homotopy orbits to homotopy fixed points. 



We are now in a position to calculate the comonad structure maps S^^s '• -^r-^n — ^ -^r-^s-^n- 

Proof of Proposition \5.8[ Recall that 6r,s is given by applying dr to the unit map r]s of Proposition 
15.141 in the case that F{X) = {An A X^^)'^^". Recalling the form of the s*^ cross-effect of F from 
the proof of 15.21 we see that r]s is the composite 

A 



{An AX 



II An A X^" 



hocolim 



YlAnA A X^" 



hT,s 



hocolim 

Af-5-oo 



n An A S""^^-'^ 



hT,n 



AX 



As 



where the first map A is the diagonal, the second is inclusion as the N = term of the homotopy 
colimit, and the third is the inverse of the assembly map equivalence of I5.13( applied to the s^^ 
cross-effect of the functor F{X) = {An A x^"')^^". This equivalence is valid for all finite cell 
spectra X, but is easiest to describe in the case that X is a suspension spectrum. In that case, 
each surjection a : s determines a diagonal map 

a* : X^" X^" 



and the assembly map equivalence above is built from these. 
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To get 5r,s we now apply dr to this composite. First we take the r^^ cross-effect. Under the 
identification again of the r^^ cross-effect of X^" in terms of surjections, and noting that cross- 
effects commute with homotopy colimits, products, homotopy fixed points and smash products, we 
get the composite 



h'Sn 



hocolim 



n n^"^^^ 

JJ ^„ A A X 



nhocohm 
N^oo 



To get the map 6r,s we now multilinearize the cross-effects and apply to the sphere spectrum. 
(Note that the expressions in the above formula are really functors of r variables that have been 
diagonalized, and that we are multilinearizing the underlying functors of r variables.) This therefore 
tells us that 6r,s is equivalent to the composite 



hocolim 
L—^oo 



hocolim 
L—^oo 



hocolim 

L—^oo 



n n ^ ^ 



L{n—r) 



hT.„ 



hocolim 



JJ JJ A„ A A 



■r) 



hocolim 



n hocolim 
Ar->oo 



■s) 



A 



where the first map is a diagonal and the second is inclusion as the term N = 0. 



The third map in the above composite is based on the assembly map equivalence and hence on the 
diagonal map 

associated to a surjection a : n->^ s. Applying the r*^ cross-effect to this diagonal map gives a map 



for which the component associated to a surjection (3 : r depends on whether (3 factors as 

a 7 

n — > s — >r 

for some surjection 7 (which is unique if it exists). If it does factor thus, then the required component 
of a* is projection onto the term corresponding to 7 followed by the diagonal. If it does not factor 
thus, then that component is the trivial map. The third map in the composite above is therefore 
determined by a*. 

Our claim then is that this composite is induced, in the homotopy category, by the maps 
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of Definition 15.61 together with various natural inclusions and projections. The truth of this boils 
down to the following claim: that for each surjection a : s the diagram 

Map(5^^ 5^") A Map(5^^ S^') > Map(5^^ 5^") 

(1,A) ^ 

Map(5^^ 5^") A Map(5^^ S^"") 

commutes up to a homotopy that is compatible with the action of the group x x • • • x S„,^ , 
where rii, . . . ,ns are the inverse images of a. The homotopy also needs to be natural in L. In this 
diagram, c is the composition map, ia^ is the composed map 

Map(5^", S^') ^ 5° A Map(5^", 5^') Map(5^^ 5^") A Map(5^", S^') 

where the second map uses the map — > Map(S''^*, S^^), which is adjoint to the diagonal map 
a": S^^ — >• S^"" induced by a. The map (1,A) is the identity on the factor Map(5'^'^, S'''"") and, 
again, uses the map : S^^ — )• S^"' to get a map 

Map(5^^ 5^") Map(5^^ 5^"). 

We need to show that the resulting two maps 

Map(5^^ 5^") A Map(S^", S^') Map(5^^ S^"") A Map(5^", 5^") 

are naturally homotopic. If one desuspends the two maps by S^^^~^'^ then they are naturally 
equivalent to two maps 

given by / I— )■ / A a" and / i— )■ a" A /. To see that these two maps are homotopic we note that 
these maps, which were defined as stable maps, are in fact (naturally equivalent to) stabilizations 
of space level maps. Namely, 5^("-'') is naturally equivalent to the suspension spectrum of the 
one-point compactification of the orthogonal complement of M^* in R^". The fact that the two 
maps are homotopic now boils down to the following elementary assertion: Let be a vector 
space. The two natural inclusions — )• A , given hy w ^ w A and w Aw are 

naturally homotopic. The homotopy is given by the one-point compactification of the linear map 
w !->■ {w cost, w sin t), where < t < ^. □ 

This completes our description of the comonad K in the context of functors from spectra to spectra. 
We now turn to more explicit descriptions of the maps Or^n and ^{ni,...,n,.) of Corollarv 15.41 for certain 
functors F : Sp^'" ^ Sp. 



2-excisive functors. A 2-excisive functor F : Sp''" — )• Sp is determined by a 2-term symmetric 
sequence Ai , A2 and a single map 

9^ 2 = 0(2) : Ai hocolim[(5^(2-i) ^ A2f^']. 

The S2-spectrum 

5^(2-1) :=Map(5^,(5^)^2) 

is equivariantly equivalent to the suspension spectrum of the based space with S2-action given 
by reflection in each of the L coordinates. This action is free away from a copy of S^. We therefore 
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have a commutative diagram 

(5° A A2)h^, 



(5° A A2f^^ 



[S^ A A2f'^^ 



(5^/5" A A2) 



/IS2 



in which the vertical maps are the standard norm maps and the rows are cofibration sequences. It 
fohows that the left-hand square is a homotopy pushout square. Now taking the homotopy colimit 
as L ^ 00 we get a homotopy pushout square 



-4 * 



(Aot^^ ^ hocolim(5^ A A2f^^ 



which implies that the target of the map Q\^2 is equivalent to the Tate spectrum TateE2(^2)- Thus, 
the homotopy theory of 2-excisive functors F : Sp^'" — >■ Sp is equivalent to that of triples (^1,^2, 
where A2 has a E2-action and Q is any map 

Q:Ax ^Tates2(^2). 



3-excisive functors. A 3-excisive functor F : Sp^'" — )■ Sp is determined by a 3-term symmetric 
sequence Ai, A2, A^, together with a map 0(2) as above, a map 



^(3) : Ai 



hocolim 

L— >-oo 



and a map 



^(1,2) '■ M 



hocolim 



/iEixE2 



(A3 A 5^(3-2) j 

By the same analysis as for Q{2) the target of ^^(1,2) is equivalent to the Tate spectrum Tatc^i xSa (^s)- 



A similar analysis for f?(3) implies that its target is equivalent to the Tate spectrum Tatcs3(1^3 AA3) 
where L3 is the subspace of 5^ on which E3 fails to acts freely. (This space L3 is the union of 
three semi-circles glued at their endpoints. It is non-equivariantly equivalent to a wedge of two 
1-spheres.) 

These maps must make the following square commute up to homotopy 

Ax > Tates2(A2) 



Tates3(L3 A^a) > TatesalTatesixSaC^s) x TateEaxSil^s)) 



but the bottom-right corner is trivial since E2 permutes the two terms in K2{^A-^. There is therefore 
no compatibility condition required of the three maps. 
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We conclude then that there is an equivalence between the homotopy theory of 3-excisive functors 
F : Sp^'" — )• Sp and that of 3-truncated symmetric sequences A together with maps 

^(2) :Ai Tates2(^2) 
^(3) -.Ai ^Tates3(^3 AAs) 

^(1,2) ^ TatesaC^s). 



Representable functors. For X G Sp , the derivatives of Homsp(^, — ) have a X-coalgebra 
structure that encodes the Taylor tower of this functor. This structure consists of maps 



1){X 



hocolim 

L—^oo 



If we set X = Py, the Spanier- Whitehead dual of a finite spectrum Y, then these maps take the 
form 



(5.17) 



9r,n ■■ Y^'' hocohm 



In particular, taking r = 1 we get maps 

9in:Y^ hocolim ( A F^") ' 
These can be thought of as generalized diagonal maps that exists for any finite spectrum Y. 



The functor T,°°Q°°. The functor E°°ri°° : Sp — )• Sp is a special case of the representable functor in 
the previous section in the case Y = S^. Thus the if-coalgebra structure maps for the derivatives 
of take the form 



(*) 



'{ni,...,nr) 



hocolim 



We can then identify these maps as follows. 



Lemma 5.18. The map ^(ni,...,nr) associated to the K-coalgehra structure on 9*(S°°ri°°) is deter- 
mined by the map 

5° ^ Map((BS„, X • • • X BS„J+, 5°) = (^o^/iSn, x...xE„, 
dual to the collapse map 

BT^rn X • • • X BT^nr * 
followed by the inclusion of (^o-jhSnj x - xS„,, L = term in the homotopy colimit (*). 



Proof. The map Or^n is given by applying dr to the map rjn of Proposition 15. 14] associated to 
In this case, rjn is the map 

that is adjoint to the diagonal on the space D.°°X. Taking the r**^ cross-effect of this we get 



Jl A . . . A x; 
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adjoint to the diagonals on the spaces n°°Xj. To get 9r^n we now multihnearize and evaluate at 
{S^, . . . , 5'°). But E°°Q°° splits off the linear part on the suspension spectrum and so 9r n factors 
via the cross-effect itself evaluated at {S^, . . . , S^) that is, via the composite 



followed by the inclusion of the right-hand side as the L = term in the homotopy colimit (*). In 
the above composite the first map is the inclusion of S in and the second is adjoint to 

the diagonal on Q^S^. The composite is the natural map into the homotopy fixed points which is 
dual to the collapse map as claimed. □ 

Functors with split Taylor tower. We say that the Taylor tower of a functor F : Sp^'" — ?• Sp splits 
if, for every n, we have 

n 

Pn{F)c:,llD,{F). 

i=i 

Since the comonad K preserves finite products, the -ftT-coalgebra structure on the product functor 
on the right-hand side is just the product of the JC-coalgebra structures on the individual functors 
Dj{F). Since Dj{F) is homogeneous, this iT-coalgebra structure is trivial. We can therefore express 
the splitting condition in the following way. 

Proposition 5.19. The Taylor tower of F : Sp^'" — ?• Sp splits if and only if, for every n, the 
K-coalgebra structure on d<nF is equivalent (in the homotopy category of derived K-coalgebras) to 
the trivial K-coalgebra structure in which 

0r,n ■■ drF KrdnF 

is the trivial map for all r < n. 

Proof. This follows from Theorem 13.171 □ 

It should be noted that this condition is more subtle that just asking each map 6r,n to be nullho- 
motopic though it certainly implies that fact. The nuUhomotopies have to be coherent up to higher 
nullhomotopies. We do, however, recover a well known sufficient condition for the Taylor tower of 
F to split. 

Proposition 5.20. Let F : Sp^'" Sp be a pointed simplicial functor with the property that, for 
each n, dnF can be built from finitely many free T,n-cells. Then the Taylor tower of F splits. 

Proof. This and more general splitting results were studied by Chaoha in [7] based on work of 
McCarthy [21], but it follows from our work in the following way. 

The condition on F implies that K^dnF ~ * for all r < n, so the counit map e : K{d<nF) — )• d<nF 
is an equivalence. Therefore in the cobar construction for recovering PnF we have an equivalence 

PnF ^ Tot($a<„F) 

where the right-hand side is a constant cosimplicial object. The totalization of this is just equivalent 
again to 

n 

{i>d<nF){x) ~ llidjF A x^^y^^' 
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which by the freeness of each djF is equivalent to 

n n 

l[{d,FAX^^)f,^^=llD,F{X). 

j=i j=i 



6. Functors from based spaces to spectra 
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We now turn to the analysis of the Taylor towers of functors F : Top^" — )■ Sp. We have a similar 
aim as in Section [Sj that is, to give a better description of what a i^-coalgebra structure amounts 
to in this case, at least up to homotopy. 

Recall that the derivatives of such a functor F possess the structure of a right module over the 
operad 9*/ formed by the derivatives of the identity functor on Top^. We show here that the 
X-coalgebra structure on those coefficients includes and extends that module structure. 

In this section, then, K denotes the comonad on the category of symmetric sequences associated 
to the adjunction 

5, :[Topl'",Sp]^[Z,Sp]:«> 

of Proposition 14. 51 Our calculation of this comonad is given by the following result which we prove 
starting with 16. 13] later in this section. 

Proposition 6.1. For a Tin-spectrum An, there are natural Tir- equivalences 



KyAn 



W Map(9„,/A... A9„,I,A 



where the product is taken over the set of surjections a : n ^ r and we are writing Ui := \a ^{i)\ 
with the dependence on a understood. 

Remark 6.2. Note the similarities between the above formula and the corresponding calculation 
for functors from spectra to spectra in Proposition 15.21 As in that case, our formula breaks up into 
a product indexed by ordered partitions n = ni + • • • + n,. of n into a sum of positive integers: 

n [Map(a„,/A...Aa„,I,A)];,s„,x...xS„,, • 

n=niH hir 

Definition 6.3. It follows from Proposition 16. II that the if-coalgebra structure on the derivatives 
of a pointed simplicial functor F : Top^'" — > Sp takes the form of a S^-equivariant map 



^r,n • dvF 



nMap(9„,/A...A9„,I,9„F) 



for each pair of positive integers r < n. 



On the other hand, the right 9* /-module structure on d^^F can be encoded by Er-equivariant maps 

1 hT,„ 



'^r^n '• drF 



Yl Map{dn J A... A dn J, dnF) 



These are adjoint to the usual right module structure maps drF A A ... A dn^I — > 
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The following result expresses the connection between the maps Or^n and ipr,n- Again the proof is 
given later in the section. 

Proposition 6.4. For a pointed simplicial functor F : Top^'" Sp, there is a commutative diagram 
(in the stable homotopy category) 

llMap{dnjA...AdnJ,dnF) 



N 



.AdnJ,dnF) 

where the vertical map N is the norm map from homotopy orbits to homotopy fixed points. (See 
Greenlees-May |16j. ) 

Remark 6.5. Thus we can think of a X-coalgebra in this case as consisting of a right 9* /-module 
together with (compatible) lifts up the norm map. The situation is analogous (but dual) to the 
relationship between divided power algebras and ordinary commutative algebras, in which the 
divided power structure can be expressed as an extension along the norm map. (See, for example, 
Presse [H].) We can therefore view the structure of a -fiT-coalgebra as providing a rigid notion of 
divided power right 8^,1 -module. Further justification for this is given by Proposition 16.81 where 
we show that the comonad structure map for K is determined (at least up to homotopy) by the 
operad composition map for 5*/. The main conclusion of this section can now be expressed as 
saying that n-excisive functors from based spaces to spectra are classified by the divided power 
right 9=1, /-module structure on their derivatives. 




Let us turn then to an explicit description of the comonad structure on the functor K with respect 
to the equivalences of Proposition 16.11 To state our answer, it is convenient to give a formula for 
iterates of K. Por this we need some new notation. 

Definition 6.6. Por integers ro < ri < • • • < we put an equivalence relation on the set of 
sequences of surjections 

n n-i ^ . . . ^ ro. 

We say that two such sequences {at, . . . , ai) and (/3t, . . . , /3i) are equivalent if they fit into a com- 
mutative diagram 



Ot-l 

n-i > 



a2 



at 



n 



132 



where the vertical maps are bijections. We write 

for the set of equivalence classes of such sequences. In the case t = 1 notice that [n r] is just the 
set of surjections a : n ^ r as previously. 
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Proposition 6.7. For a Tin-spectrum An, and integers r = ro < ri < ■ ■ ■ < rt = n, we have 



KfO-^ri ■ ■ ■ -^rt—i-^n 



H Mapi/\idr,jA...Adr,^^I),An 



\i=l 



where the product is taken over equivalence classes of sequences (at, ■ ■ ■ ,ai) as in Definition 1 6. 61 
and we are writing 

■■= \a~\j)\- 

Note that these numbers are, up to reordering, independent of the representative chosen for the 
equivalence class. In particular 



Yl Map(9, J A... Ads J A dnj A ... A dnj, An) 



hY,n 



where the product is over equivalence classes of pairs of surjections 



13 7 

n — > s — !■ r 



and we are writing rij := \/3 ^{i)\ and sj := [7 



Proof. This follows by iterating the formula given in Proposition 16. 1|, and using the fact that Ss 
acts freely on the set of surjections n^s (and that homotopy colimits commute). □ 

Proposition 6.8. With respect to the equivalences of \6.1\ and \6.1\ the comultiplication map 

^r,s ■ K'r^n ^ KrKs-^n 

associated to the comonad K , takes the form 



JjMap(a„/lA... Aa„//,A„) 



<5r,i 



W M&v{dsJ A...AdsJ A dnJ A ... A dnJ, Ar. 



where n'- := \a This map is given by applying T,n-homotopy orbits to a map between the 

products constructed in the following way. We can compose a sequence of surjections 



n ^ s ^ r 



to get a single surjection n-f>r_ and this composite is the same for all representatives of an element 
in [n^s^r\. Associated to this composition are operad composition maps 



dsJ A dn 
which yield the required map 6. 



■J - "sii i-Sj_i- 

'r,s ■ 



,1 A ... Adr, 



I ^ d„' I 



Before turning to the proofs, we show that the relationship between /C-coalgebras and right 5*1- 
module can be described in terms of a map of comonads that is given, up to homotopy, by the 
norm maps of Proposition [ 



Definition 6.9. We can define a comonad K' on the category of symmetric sequences whose 
coalgebras are precisely the right 9^,/-modules. On the symmetric sequence A, K' is given by 



K'{A)r := n 



YlMapidnJ A...AdnJ,Ar. 



This functor is right adjoint to the free right 9*I-module monad and so for formal reasons inherits 
a comonad structure whose coalgebras are the right 5* /-modules. The iC'-coalgebra structure on 
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d^F is a map of symmetric sequences d^F ^ K'{d^,F) that is captured exactly by the maps ■0r,n 
of Definition 16. 3i (We use a cofibrant model for d^I so that the strict fixed points in the definition 
of K' are equivalent to the homotopy fixed points.) 

Now the comonad K = d^,^ takes values in right 9^ /-modules (because d^^ does). This gives us a 
map 

K K'K 

and composing with the counit for K we get a natural transformation 

Notice that K' commutes with products so that it is determined by constructions K'^An for r < n 
analogous to those of Definition 14.81 for K. Then u restricts to maps Ur : K^An — )• K[.An. 

Lemma 6.10. The map v : K ^ K' is a morphism of comonads and the right d-^I-module structure 
on a K-coalgehra A is encoded in the composite map 

A^KA^ K'A. 



Proof. This is a diagram chase using the naturality of the /C'-coalgebra structure on the values of 
K. □ 

Proposition 6.11. With respect to the equivalence of Proposition [F!7l the map 

: Kj-A.^ 7" KyAn 
is given, in the homotopy category, by the norm maps 



N : 



Yl Map{dnJ A...AdnJ,Ar^ 



hT:„ 



YlMap{dnjA...AdnJ,Ar, 



hT:„ 



that appear in Proposition \6.4 



Proof. We apply Proposition 16.41 to the functor F = ^An- This tells us that the -ftT'-coalgebra 
structure on KAn is given, up to homotopy, by the composite 

KAn KKAn K'K An 

where the first map is the iC-coalgebra structure on KAn (i-e. the comonad structure map for K) 
followed by the norm map A^. By definition then, is given by following the above composite with 
the counit for K. This gives the composite 

KAn KKAn K'K An K'An. 

Now Proposition 16.81 tells us what the first map is (up to homotopy) , the second map is N and the 
third is projection on to the terms with s = n. That is, we get 



Jl Map(9„/IA... Aa„//,A„ 



N 



Jl Map{dsJ A ... A dsj A a„ J A ... A dnj, An) 
Y[ Map{dsJ A ... A dsj A A ... A dnj, An) 

[ri-»s-»r] 

- hS, 

Yl Mapidn'jA...Adn'J,An 



hi 
hi 
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By naturality of N, this composite is just the norm map as claimed. □ 

We now turn to the proofs of Propositions 16.11 16.41 and 16.81 The first step is to understand the 
derivatives of the representable functors Tj°° Homjop, (-'^, — ) for X € Top^'". These were calculated 
by the first author in [Ij. The right (9,,/-module structure was calculated by both authors in [2]. 
We recall both descriptions here. 

Definition 6.12. For X € Top^'" we have the fat diagonal A^X C X^" consisting of n-tuples 
(xi, . . . , Xn) of points in X with some Xi = Xj for i ^ j. In [1], the first author showed that 

HomTop.(X, -)) ~ ID)(X^"/A"X) 

where ID denotes the Spanier- Whitehead dual. 

Definition 6.13. To describe the 9*/-module structure on these derivatives, we recall some facts 
about operadic bar constructions. For X € Top^", the symmetric sequence x;°°X^* forms a right 
module over the commutative operad Com. (This is the operad of spectra all of whose terms are 
the sphere spectrum.) By [8], the one-sided bar construction 

B(S°°X^*,Com,l) 

has the structure of a right comodule over the cooperad -6(1, Com, 1). Applying Spanier- Whitehead 
duality, we get a right module 

BB(X^*,Com,l) 

over the operad Bi?(l, Com, 1). The terms of this operad are equivalent to the derivatives of the 
identity functor on based spaces. 

Here we write d^,! for a cofibrant model of the operad Di?(l,Com,l) (in the projective model 
structure), and M{X) for a cofibrant replacement of OB{X^* ,Com,l) in the projective model 
structure on right (9,,1-modules. In fact, we choose M(— ) to be a cofibrant object in the category 
of simplicially-enriched functors from (Top^")°^ to right c?*/-modules (with its projective model 
structure). 

Lemma 6.14. For X S Top^", the right d^I -module M{X) is equivalent to the right d^I-module 
formed by the derivatives of the representable functor Homjop, (X, —). 

Proof. This calculation is done in f2, 4.2.28]. Note that it relies on ci X]72~GC[uivciricint equivcilencG 

s(s°°x^*. Com, i)n ^ s°°a:^"/a"a: 

which we use later in this section. □ 

We now follow the usual pattern to construct the required adjunction (9*,<I>) from our choice of 
derivatives for the representable functors. 

Definition 6.15. We define 

9, :[Topt'",Sp]^P,Sp] 

by 

d,F := M{X) A^eTopS" HX) 

and its right adjoint 

$:[5:,Sp]^[Topr,Sp] 

is then given by 

$(A) : X ^ Map2(M(X), A) = J] Map(M(X)„, A)^". 
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Corollary 6.16. The right adjoint <I> : [H, Sp] — )■ [Top^'",Sp] satisfies 

n 

where A"X denotes the fat diagonal inside X^"^ . 

Proof. This follows from the equivalence mentioned in the proof of Lemma I6.14[ □ 

Remark 6.17. The category of right 9=K/-modules is enriched, tensored and cotensored over Sp with 
the tensoring given by termwise smash product. Since colimits are also calculated at the symmetric 
sequence level, it follows that 9*F, as defined above, inherits a right 5*/-module structure from 
that on M{X). This is equivalent to the right 5* /-module structure constructed in [2] because that 
construction preserves homotopy colimits. 



The pieces of the comonad K can now be identified as the spectra 

KrAn := M{X)r A^gjopS" Map(M(X)„,^„)^" 

and since M(X)„ is a cofibrant S„-spectrum, the fixed points here are equivalent to the homotopy 
fixed points. 

Our next step is to use the above expression for Kj-A^ to prove Proposition 16.11 The required 
equivalence arises from the following commutative diagram: 



M(X), Ax [Map(M(X)„, 



(6.18) 



N 



Yl Map(5„,/A... Aa„,/,A 



N 



M{X)r Ax [Map(M(X)„,A 



n i 



Yl Map{dnJ A... A dn J, Ar, 



The maps marked N are the norm maps from homotopy orbits to homotopy fixed points and those 
marked m are determined by the composite 

M{X)r A Map(M(X)„, A„) ^ M{X)r A Map(M(X),. A dnj A . . . A dnj, An) 
^^'^^^ ~^Map{dnJ A... AdnJ,An) 

where the first map is the right module composition map associated to a surjection a : r and 
the second is the canonical evaluation map. 

Proposition 16.11 follows from the claim that the top and left-hand maps in diagram 16.181 are equiv- 
alences. We prove these facts now. 

Lemma 6.20. For 

N : Map(M(X)„, A„);,s„ ^ Map(M(X)„, A„)'*^" 

is a weak equivalence. 
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Proof. By the equivalence of M{X)n — D(X"/A"X) and the finiteness of X, this map can be 
rewritten as 

iV : (.4„ A X^"/A"X);,E„ ^ {An A x^"/A"X)^^" 

But X^"/A"X is a finite free cell-S„-space in the sense that it is built from finitely many free 
S„-cells. It follows that the norm map N above is an equivalence as claimed. □ 

Notation 6.21. To analyze the top horizontal map m in (|6.18p we introduce the following notation. 
We write 

Tn :=5(l,Com,l)„. 

This is the suspension spectrum of the n^^ partition poset complex. Recall that the symmetric 
sequence X,, forms a cooperad whose Spanier- Whitehead dual is d^I, and that we have a comodule 
structure map 

Com, 1)„ ^ Com, 1)^ A T^, A ... A 

for each surjection n^r. These maps define the right 9*/-module structure on M{X). 
Lemma 6.22. The map 



5(S~X^*,Com,l)„ 



J] Com, 1), A A ... A 



induced by the comodule structure maps, determines an equivalence of r^^ derivatives. 

Proof. Since taking derivatives commutes with the various colimit operations performed (and since 
is acting freely on the product here), the result can be reduced to the claim that the map 



B(9^(S~X^*),Com,l)„ 



J] s(a,(s~x^*). Com, 1), A A ... A r„ 



is an equivalence. But the right Corn-module driTi°° X^*) is trivial and concentrated in degree r 
where it equals S°°(Ej.)+. The claim then follows by a straightforward calculation with the bar 
construction. □ 

Lemma 6.23. There is a Tir-equivariant equivalence 

e : M{X)r AxeTopS" S(X^*,Com,lV ^ HS 

where the target has the regular T,r- action. The component corresponding to the identity element 
in Tir is made up of the canonical evaluation maps 

BB{X^*, Com, 1)^ A B{X^*, Com, 1)^ ^ S. 

Proof. Let [r] denote the finite pointed set {0, 1, . . . , r} viewed as an object of Top^'". Our strategy 
is to construct an equivalence 

: M{[r])r ^ M{X)r A^gTopf;" BiX""*, Com, 1), 

and show that the composite etp is an equivalence Af([r])r Tlsr ^' 

First note that since the bar construction preserves colimits in its right module variable, so the 
target of cj) is isomorphic to 

B{M{X)r Ax X^*,Com,l)^. 
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Here AI{X)r Ax X^* inherits a right Com-module structure from that on X^* . Notice also that to 
calculate the r*^ term in the bar construction we only care about the r-truncated part of this right 
Com-module. 

We now observe that the smash product X^^ can be written (as a colimit of representable functors) 
as: 

X^' ^ tcof Hom(J+,X). 

JC[s] 

The right-hand side is the total cofibre of an s-dimensional cube whose morphisms are given by 
extending functions to the basepoint in X. It follows by an enriched dual Yoneda Lemma that 

M{X)r Ax X^' ^ tcof M{J+)r. 

JC[s] 

The key observation is now that 

M{J+)r ~ * if \ J\ < r. 

(To see this recall that M{X)r is equivalent to the dual of X^^ /A'^X which is the set of configu- 
rations of r points in J (plus a disjoint basepoint) when X is the finite set J_|_. There are no such 
configurations when \J\ < r.) 

It follows that there is a natural equivalence of r-truncated right Corn-modules 

M{[r])r ^ M{X)r Ax X^* 

where the source here is considered to be an r-truncated symmetric sequence that is trivial except 
in the r*^ term. Applying the bar construction to this we get an equivalence 

B{M{[r])r, Com, 1)^ ^ B{M{X)r Ax X^*, Com, 1)^ 

but the left-hand side is again just isomorphic to M{[r\)j.. 

Altogether then we have constructed an equivalence 

: M{[r])r ^ M{X)r Ax B{X^\ Com, 1)^. 

The map (j) can also be expressed as the composite 

M{[r])r M{[r])r A B{[r]^*, Com, 1)^ ^ M{X)r Ax B{X^*, Com, 1)^ 

where the first map is inclusion via the identity map on {1, . . . ,r} viewed as a point e in [r]^^ 
included in the 0-simplices of the bar construction, and the second is the natural map into the 
coend. 

It remains to analyze the composite of (p with e: 

M{[r])r^^S. 

But this composite is precisely the composite 

M{[r])r ^ BS([r]^*, Com, 1)^ ^ B([r]^7A^[r]) = JJ 

so is an equivalence. □ 

The heavy lifting is now done and we can complete the proofs of our main results. 



Proof of \6.1[ Lemmas 16.221 and 16.231 together imply that the map top horizontal map in (I6.18P is 
a weak equivalence. Lemma 16.201 implies that the left-hand vertical map in that diagram is an 
equivalence. Together these yield the claimed formula. □ 
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Proof of \6.4\ We have just seen that the equivalence of Proposition 16. 1 1 is based on the diagram in 
(j6.18p . Consider now the fohowing diagram for some fixed surjection n^r. 



M{X)r Ax FX 



-4 MiX)r Ax Map(M(X)„, M(y)„ Ay FY) 



M{X)r Ax Map{M{X)r,M{Y)r Ay FY) 



M{X)r Ax Map{M{X)r A dnj A . . .,M{Y)n Ay FY) 



M{Y)r Ay FY 



MapidnJ A ... A dnJ, M{Y)n Ay FY) 



where 



• the top horizontal and top-left vertical maps are the unit of the (5*, <I>)-adjunction; 

• the top-right vertical and middle/bottom horizontal maps are the 9*/-module structure on 
M{X) and M{Y) respectively; 

• the bottom-left and bottom-right vertical maps are canonical evaluations. 

This diagram commutes by naturality of the maps involved. 

The composite N oOr^n appearing in the statement of Proposition 16 . 41 is essentially the composite of 
the top and right-hand maps. (Strictly speaking, to get o 9^ ^ we consider all surjections n—*>r_ 
and map into the S„-homotopy fixed points of the product over these.) On the other hand the 
composite of the left-hand maps is the identity (by a triangle identity for the (9*,$) adjunction), 
and the bottom map is the definition of the right 5*/-module structure on d-^F. The commutativity 
of this diagram thus implies the Proposition. □ 



Proof of \ 6. igj The comonad structure map 5r,s is exactly the map 9r,s associated to the functor 
F{X) = Map(M(X)„, A„)s„. By naturality this is given by applying the S„-homotopy orbits 
to the map Or^s associated to Map(M(X)„, ^„). The proof of Proposition 16.11 shows us that the 
derivatives of this functor are given by 



(*) 



ds Map(M(X)„, yl„) ~ JJ Map(9„ J A ... A a„ J, A„ 



and Tig acts freely on this. The norm map in Proposition 16.41 is therefore an equivalence and so 
the map Or,s for this functor is given by the right 5*I-module structure on these derivatives. Now 
recall that the equivalence (*) is built from the maps m of (j6.19p . Prom this it follows that the 
right 9*/-module structure on these derivatives is determined by the operad structure on 3*1 in 
the claimed manner. □ 



We now turn to calculations of the K-coalgebra structure maps Or n for specific functors F : TopJ,'" 
Sp. 



2-excisive functors. A 2-excisive pointed simplicial functor F : Top^'" — )■ Sp is determined by a 
2-term symmetric sequence Ai,A2 together with a single map of spectra 

01,2 : Ai ^ (T2 A A2)hE2 = (S^2)hS2 
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where S2 acts trivially on the suspension coordinate and T„ denotes the n}^ partition poset complex. 
According to Proposition 16.41 0i 2 is determined by a right 9*/-module structure map 

Ai A 82! A2 
together with a nullhomotopy of the composite 

Ai Map((92/, ^2)''^' ^ Tatesa Map(a2/, ^2) = Tates2(SA2) 
that yields a lift up the norm map. 

Notice that this structure map can also be recovered directly form the fibre sequence 

D2F P2F PiF. 
Delooping this we see that P2F is the fibre of a map 

(^1 AX)= PiF ^ ^D2F = (SA2 A X''^)hE2- 
Evaluating at X = S''' we get the map 9i^2- 

3-excisive functors. A 3-excisive pointed simplicial functor F : Top^" Sp is determined by a 
3-term symmetric sequence Ai, A2, A3, the map 61^2 described above, and two further maps 



h,3 '■ A2 



n Ti A r2 A ^3 



3^2 



and 



01,3 ^ (T3 Ayl3)hS3- 
These maps make the following diagram commute 



A^ 



{T2 A A2) 



hT.2 



82,3 



(T3 A As)h^, 



S2.: 



Yl T2 A Ti A T2 A A3 

[3-»2-l] 



where the bottom horizontal map is given by the cooperad structure maps T3 — )• T2 A Ti A T2. 



Representable functors. For X G Top''", the derivatives of the functor Homjop {X, —) are given 
by the right 5*/-module 

M{X) ~ BB{X^*, Com, 1) ~ DX^*/A*X. 

By Proposition 16.41 the i('-coalgebra structure on these coefficients is a lift up the norm map of this 
right 9* /-module structure. In this case, however, the norm map 



Yl Map{dnJ A ... A dnj, M{X\ 



N 



J] Map(5,jA... a9„,/,M(X), 



is an equivalence by a similar argument to that of Lemma 16.201 The i^-coalgebra structure is 
therefore completely determined by the right (9,=/-module structure on M{X). 
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Functors of the form FT,°°. A pointed simplicial functor F : Sp^'" — )• Sp determines a pointed 
simplicial functor Top^'" — > Sp by precomposing with The functor FTi°° has the same deriva- 
tives as F. The symmetric sequence 5*-F ~ d^{FY^°°) therefore has actions by both the comonads 
described in this and the previous section. To avoid confusion we denote these here by and 
K^^ respectively. 

Example 6.24. (First observed by Bill Dwyer) For any finite spectrum Y, we described in (|5.17p 
the i^^P-coalgebra structure on the derivatives of the functor 

S~0~(y A -) ~ Homsp(ID)y, -). 

Considering this now as a functor Top^'" — )• Sp, these derivatives inherit a i<r"^°P* -coalgebra structure. 
This coalgebra structure consists of maps 

9r,n : Y""^ ^ Map(a„,/ A ... A dnj, ^^^")hE„, x...x...s„, . 
and so, in particular, we have 

0i,„:y^Map(a„/,y^")/,s„. 

Comparing with the terminology of Remark 16.51 we can refer to this structure as making any finite 
spectrum Y into a divided power right I -coalgebra. 

Functors with vanishing Tate data. Suppose G is a functor whose derivatives have the following 
property: the E„-spectrum dnG can be built from finitely many free S„-cells. It follows that 
the norm maps of Proposition 16.41 are equivalences and so the iC-coalgebra structure on 0^,0 is 
determined by the right 5* /-module structure. The Taylor tower is thus also determined by this 
information. The following theorem gives an explicit expression for PnG in terms of the right 
9*/-module d^G. 

Theorem 6.25. Let Mapg^/( — , — ) denote the derived mapping spectrum for right d-^I-modules. 
Suppose G : Top^'" ^ Sp zs a pointed simplicial functor such that dnG can be built from finitely 
many free Tin-cells. Then 

PnG{X) ~ Mapg,,(M(X),9<„G) 
with the maps in the Taylor tower given by the sequence of truncation maps 

• • • — > d<nG — )• 9<(„_i)G 
Moreover, if the Taylor tower of G converges, then 

Nat^gT„pf,n(F,G) ~ Mapa^j{d,F,d,G). 

Remark 6.26. Proposition 15.20] and Theorem 16.251 are examples of a general phenomenon: if G is 
a functor whose derivatives have vanishing Tate homology, then the Taylor tower of G is determined 
by the 5* /-module structure on 9*G. This observation also applies to space- valued functors and 
we intend to develop this remark in another paper. 

Example 6.27. For any Y G Top^", the representable functor G = S°°/?y satisfies the hypothesis 
of Theorem 16.251 It follows that 

P,(S°°HomTop.(l',-))(X) ~ Mapg^,(M(X),M(y)<„) 

and, if the connectivity of X is larger than the dimension of Y: 

S°°HomTop.(5^,X) ~ Mapg^jiM{X),M(Y)). 

This description of the Taylor tower of the stable mapping functors is Koszul dual to that given in 
in which the stages of this tower are described as mapping objects for the right Corn-modules 
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Proof of 1 6. 25[ Recall the comonad K' of Definition 16.91 whose coalgebras are precisely the right 
9*/-modules. The derived mapping spectrum Mapg^j'(Af(X), 9<„G) can then by calculated as the 
derived mapping spectrum of i^'-coalgebras, namely 

M^PK'iM{X),d<nG) 

in the sense of 11.101 (but a spectrum not just a simplicial set because K' is enriched over spectra). 

It is now sufficient to show that the comonad map : K ^ K' oi Definition 16.91 determines 
equivalences of the derived mapping spectra 

M^PKiM{X),d<nG) ^ M^PK,iM{X),d<nG). 

(The left-hand side here is another formula for the cobar construction appearing in Corollarv l3.14[ ) 

The above map is the totalization of the following map of cosimplicial objects 

Map^{M{X),K'd<nG) Map^{M{X), {K'yd<nG). 

We show that this is a level wise equivalence by proving that the given condition on 5*G implies 
that, for each s > 1, the map 

K'd<nG ^ {Kyd<nG 

is a weak equivalence. 

We first show that if the bounded symmetric sequence A has each term An built from finitely many 
free S„-cells, then the same is true of the symmetric sequence K{A). We have a S„ x Sr-equivariant 
equivalence 

n-^r \n—»r / 

The right-hand side here can be built from finitely many free $]„ x $],.-cells because An can be built 
from finitely many free S„-cells and the wedge can be built from finitely many free Sj.-cells. Taking 
T,n homotopy orbits and using the fact that A is truncated, we see that K{A)r can be built from 
finitely many free S^-cells as required. 

Now we observe that if A has the finiteness property above, then the map 

u : K{A) K'{A) 
is a weak equivalence. Again, this follows from the fact that 

Y[Map{dnJ A...AdnJ,An) 

n-»r 

can be built from finitely many free S„-cells. Therefore the norm map for this 5]„-spectrum (which 
by Proposition 16.111 is equivalent to z^) is an equivalence. 

It now follows by induction that 

K'd<nG ^ {Kyd<nG 

is a weak equivalence for all s > 1, as required. □ 
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7. Functors with values in based spaces 

We now apply the general theory of section [3] to pointed simplicial functors C^'" Top^, where 
Top^ is, as before, the category of based compactly-generated topological spaces, and C is either 
Top^ or Sp. As with spectrum-valued functors, our models for the derivatives are left Kan extended 
from those of representable functors. The key difference is that these derivatives can be endowed 
with the structure of a left module over the operad 9*1. The left Kan extension is performed in 
the category of left 9*I-modules. 

Definition 7.1. Let A4 denote the category of left 0*/-modules. We fix a functor 

such that, for each X G C''", is a model for the derivatives of the representable functor 

Homc(X, — ) : C^'" Top^ together with the left module structure on those derivatives as de- 
scribed in [2j. We also assume that is cofibrant in the projective model category of functors 
(Cfi")°P ^ M. 

For an arbitrary pointed simplicial functor F : C*^'" — t- Top^ we now define 

d,F:=F{X) ®xeO'"d*{Rx). 

This is a coend over C^'" calculated in the category M. of left 9* /-modules, and ^ denotes the 
tensoring of A4 over based spaces. 

Proposition 7.2. For cofibrant F G [C^'",Top^], the left d^,! -module d^{F) is equivalent, as a left 
module, to the derivatives of F with the module structure defined in [2] . 

Proof. For the purposes of this proof, we write d'^F for the model for the derivatives of F constructed 
in [2J. We focus first on the case where F is a finite cell functor, that is a finite cell object with 
respect to the generating cofibrations in [C^'",Top^]. 

From Proposition 14.31 we have an equivalence 
Taking Spanier- Whitehead duals, we get 

(*) ^ Map^gc«n(F(^),r(S-/2x)) 

where d* denotes the Spanier- Whitehead dual of the derivatives for a spectrum- valued functor. In 
[2j it is shown that this is in fact an equivalence of left Corn-modules where Com is the commutative 
operad of spectra. The right-hand side in (*) involves the cotensoring of left Corn-modules over 
Top*. 

According to [2J, the derivatives of F are given by the 'Koszul dual' of the left Corn-module 
a*(S°°F), that is 

dl{F) :=BS(l,Com,a*(S~F)). 

Now we have a natural assembly map 

f:F{X) 0^^^,. dURx) ^ dUF) 

and our claim is that / is a weak equivalence of left 9*(/)-modules. To show this, it is sufficient 
by JT, 20.2] to show that it induces a weak equivalence on taking Koszul duals again. The bar 
construction /?(!, 9*(/), — ) is equivalent to the left derived functor of the indecomposables of a left 
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9*(I)-module, so preserves the tensoring and coends. Thus the Koszul dual of / is equivalent to 
the natural map 

DB{l,d.{I),d:{F)) ^M^p^^c'4F{X),BB{l,d.{I),d'{Rx))). 

But this is equivalent, again by 20.2], to the map (*) above, so is a weak equivalence. Thus / 
is a weak equivalence. 

The result for an arbitrary cell functor F now follows by taking a filtered homotopy colimit, and 
for an arbitrary cofibrant functor by taking retracts. □ 

Definition 7.3. The right adjoint to : [C'",Jop^] ^ M is the functor : M [Cf'",TopJ 
given by 

where llomQ^j{—, — ) denotes the enrichment of the category A4 of left 9*/-modules over Top^. 

Proposition 7.4. The adjunction (9*,<I>) satisfies the condition of \3.9\ with Ad equal to the category 
of left dif{I)-modules. 

Proof. Since is a cofibrant left 9*/-module, the right adjoint $ preserves fibrations and 

trivial fibrations. Therefore is a Quillen adjunction. □ 

The general theory of Section [3] then gives us the following result. 

Theorem 7.5. Let K : A4 M denote the comonad 5*<I> on the category of left -modules 
associated to the adjunction (5*,$). Let F : C^'" — )• Top^ he a pointed simplicial functor. Then the 
derivatives d^^F have the structure of a K-coalgehra, and the Taylor tower of F can he reconstructed 
from this coalgehra hy the cohar constructions of Corollary \3.14\ 

An analysis of the structure of the comonad K, for a given source category C, is much harder than 
in the case of spectrum-valued functors. The pleasant properties of symmetric sequences, that they 
are equivalent to the products of their individual terms, and that finite products are equivalent 
to finite coproducts, do not apply to left (9,,/-modules. We are therefore unable to get as explicit 
descriptions of the comonad K as we did in the previous sections. 

7.1. Functors from spectra to based spaces. For a finite cell spectrum X, the representable 
functor 

Rx : Spf'" ^ Top, 

is equivalent to the linear functor 

0°°DX A - 

whose only non-trivial derivative is 

di{Rx) ^nx. 

The left 5*I-module structure on d^{Rx) is of course trivial. It follows that the comonad K on the 
category of left 9* /-modules controlling Taylor towers of functors Sp — )• Top, is given by 

K{A) = dAx^ m^iia,/(DX,yl) 

where HX is a left 9* /-module concentrated in its first term, and Hom denotes the derived mapping 
space for left f?*/-modules. We can describe this derived mapping space as the totalization of a 
cosimplicial space 

mma,7(DX, A) ~ Tot Hom5:(5*/ o ■ ■ ■ o dj o DX, A). 
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In general, this is hard to calculate, but for 2-truncated A we can this description to understand 
2-excisive functors from spectra to based spaces. 

2-excisive functors. Let A be a 2-truncated left 9*/-module. Thus A consists of spectra Ai and 
A2, with a S2-action on A2, and a S2-equivariant map 

m : 82! /\ Ai A Ai ^ A2. 

In this case the cosimplicial space that calculates the derived mapping space 

R^Q,i{BX, A) 

is degenerate above degree 2 and its totalization is equivalent to the homotopy fibre of the map 

Homsp(DX, Ai) Homsp(52/ A A BX, Aa)^^^ 

given by the diagonal map 

Homsp(ID)X, ^1) Homsp(BX, Ai)^^ ~ Homsp(ID)X A BX, Ai A ^1) 

followed by the canonical map that smashes source and target with 82!, and the module structure 
map m. We can write this instead as 

AX)^ r?~(S^2 A X^^f^^ 
where S2 acts trivially on the suspension coordinate. 

We know how to calculate the derivatives of these terms from our analysis of functors from spectra 
to spectra. Thus we get 

KiA)2 ~ A2 

and K{A)i is the homotopy fibre of the composite 

Ai Tatesa (^1 A ^1) A Tate^^ (^^2) 

where 5 is the generalized diagonal map 9i^2 of (IS.lTh for the spectrum Ai, and m is induced by the 
module structure map for A. The left module structure on K{A) is determined by the fact that 
the counit K{A) — )• A must be a map of modules. 

A i^-coalgebra structure on A consists of an appropriate map of left modules 9 : A ^ KA. The 
unit condition implies that the composite 

Ai K{A)i Ai 

is the identity and it follows that the composite map m6 must be nullhomotopic. Conversely, 
a choice of nuUhomotopy for this composite determines the required map 9. Any such map is 
automatically a module map. 

In conclusion, therefore, our classification of 2-excisive functors Sp^'" — ?• Top^ is as follows. Such a 
functor corresponds to spectra ^i, A2 and 

m : AiAAi ^ T,A2 

as above, together with a nullhomotopy of the composite 

^1 ^ Tates2(^i A yli) ^ Tates2(S^2). 
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Functors of the form Q°°F. Now consider F : Sp^'" — )• Sp. Then the derivatives d^{Q°°F) are 
equivalent to those of F. It follows that any X^P-coalgebra (in the sense of Section [5]) possesses a 
canonical -fC-coalgebra structure (in the sense of this section) . 

To see this, first note that the left c?*/-module structure on d^:{0,^F) is trivial. We therefore have 
R^O_^i{BX,d^F) ~ Hom5:(S(l,9*I,DX),5*F) ~ JJ A X^'^)^^". 

n 

It follows that 

K{d,F) ~ K^^{d,F) 

and that K{d^F) also has a trivial left 5*/-module structure. The ii'-coalgebra structure map is 
then given precisely by the ii'^P-coalgebra structure map associated to F. 

7.2. Functors from based spaces to based spaces. For a finite cell complex X, the repre- 
sentable functor Homjop^(X, — ) has derivatives 

Map(X,5,/) 

with left 5* /-module structure given by the diagonal of X together with the operad structure on 
(This is the cotensoring of the left 5* /-module 5*/ by the space X.) 

The comonad K on the category of left 5*/-modules that controls Taylor towers of functors Top^'" — >■ 
Top^ is therefore given by 

K{A) = dAx^ ^^9^i{M.8.v{X,dJ),A) 

2-excisive functors. Let ^ be a 2-truncated left (?*/-module with structure map 

m: Ai AAi ^ S^2- 
Then the cosimplicial object that calculates 

R^o,i{Map{X,dJ),A) 

is again degenerate above degree 2. The totalization can be identified with the homotopy pullback 

n°°{^A2AX)''^^ 



n'^iAiAX) > 17°^(S^2 AX^2)hE2 

Here the vertical map is the diagonal on the space X, and the horizontal map is the same as that 
described in Section 17.11 We deduce that 

KiA)2 ~ A2 

and that K(A)i is equivalent to the homotopy pullback of the diagram 



Ai > TateE2(SA2) 
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where the vertical map is the canonical map from the homotopy fixed points to the Tate construc- 
tion, and the bottom map is as in Section [7.1[ 

A X-coalgebra structure consists of an appropriate map A — )■ K{A). This amounts to a map 
m' : Ai ^ TiAI^'^^ together with a homotopy between the two composites of 

Ai > Tates2(S^2) 

Note that the map m' can be interpreted as a right (?* /-module structure on the symmetric sequence 
A (thus making it into a (9^,/-bimodule). This diagram thus gives a certain additional compatibility 
between the right and left module structures. 

Our classification of 2-excisive functors Top^'" Top^ is therefore as follows. Such a functor 
corresponds to a symmetric sequence Ai , A2 together with S2-equivariant maps 

m: Ai AAi ^ T.A2, m' : Ai ^ SA2 

and a homotopy between the two composites in the diagram 

^ > Y.Af'^ 

(*) ^ 

Tates2(Ai A^i) Tates2(SA2). 



Functors of the form i}°°F. As in Section [7.11 we can easily understand the X-coalgebra structure 
on the derivatives of a functor of the form 0,°"F for F : Top^ — ?• Sp. For such a functor, the left 
module structure on d*{0,°°F) is trivial and we have 

K{d,{n°°F))c^K^°P*{d,F) 

where is the comonad on symmetric sequences associated to functors Top^ Sp. The K- 

coalgebra structure map for Q°°F can then be identified with the /C"^°p* -coalgebra structure map 
for F. 



Functors of the form FT,°° . Finally, consider a 2-excisive functor F : Sp —?■ Top^. Then FT,°° is a 
2-excisive functor Top^ — )■ Top^ with the same derivatives as F. We saw in Section 17.11 that F is 
classified by a left 5* /-module A with terms Ai, A2 together with a nullhomotopy of the composite 

Ai Tates2(5^^2)- 

The functor FT,°° is classified by this same information with the map 

m' : Ai ^ T,A2 

taken to be trivial (i.e. the right 9* /-module structure is trivial). The nullhomotopy then gives the 
required homotopy between the two composites of the diagram (*). 
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